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Abstract
We present the gauge-invariant formalism of cosmological weak lensing, accounting for all the rela-
tivistic effects due to the scalar, vector, and tensor perturbations at the linear order. While the light
propagation is fully described by the geodesic equation, the relation of the photon wavevector to the
physical quantities requires the specification of the frames, where they are defined. By constructing
the local tetrad bases at the observer and the source positions, we clarify the relation of the weak
lensing observables such as the convergence, the shear, and the rotation to the physical size and shape
defined in the source rest-frame and the observed angle and redshift measured in the observer rest-
frame. Compared to the standard lensing formalism, additional relativistic effects contribute to all the
lensing observables. We explicitly verify the gauge-invariance of the lensing observables and com-
pare our results to previous work. In particular, we demonstrate that even in the presence of the vector
and tensor perturbations, the physical rotation of the lensing observables vanishes at the linear order,
while the tetrad basis rotates along the light propagation compared to a FRW coordinate. Though
the latter is often used as a probe of primordial gravitational waves, the rotation of the tetrad basis is
indeed not a physical observable. We further clarify its relation to the E-B decomposition in weak
lensing. Our formalism provides a transparent and comprehensive perspective of cosmological weak
lensing.
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1 Introduction
Significant and impressive progress has been made in observational cosmology in recent decades.
However, the standard cosmology is still full of mystery, demanding further explanations both in
terms of theoretical understanding and observational breakthrough. In particular, the late-time cos-
mic acceleration due to dark energy poses great challenges to theorists and observers alike. To tackle
this pressing problem, numerous large-scale surveys have been undertaken to map the matter dis-
tribution of the Universe over the Hubble volume out to high redshifts. The current generation of
these surveys include the Kilo Degree Survey (KiDS; [1]), which is a wide-field program being car-
ried out using the VLT Survey Telescope, the Dark Energy Survey (DES; [2]), which is nominally a
five year survey that will cover 5000 square degrees using the Blanco 4 m telescope, and the Subaru
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Hyper Suprime-Cam survey,2 which will cover 1400 square degrees. These experiments represent a
substantial improvement over previous measurements and are a significant stepping-stone to the next
generation of experiments, known as stage-IV. These future programs include the Large Synoptic
Survey Telescope (LSST; [3]), an 8-m dedicated ground based facility, Euclid [4] and the Wide Field
Infrared Survey Telescope (WFIRST; [5]), which are two planned space based missions. Together
these experiments will effectively cover the full observable extra-galactic sky and measure the shapes
of roughly a billion galaxies.
One of the main goals of these cosmological experiments is to measure gravitational lensing.
Gravitational lensing deals with light propagation in the Universe (see, e.g., [6–11] for recent re-
views). As light travels towards us from distant objects, its path is perturbed due to intervening mass.
In the case when these perturbations are small, the path is typically affected by several structures
along the line-of-sight. This regime is known as weak lensing or cosmic shear and leads to distor-
tions in the observed properties of the distant sources. Since first detection in the late 1990s [12–14],
the field of weak gravitational lensing has matured into one of the core cosmological probes. Cur-
rent results include the KiDS weak lensing analysis of a 450 deg2 survey [15], which reported a 5%
precision on the parameter S8, a combination of σ8 and Ωm, where Ωm is the cosmic matter density
parameter and σ8 is the amplitude of matter density fluctuations today. More recently the DES anal-
ysis of the first year data (Y1) [16], which covers an area of 1321 deg2, achieved 3% precision on S8.
This steady improvement in precision will increase and should accelerate as we enter the era of stage
IV experiments. However, the ambitious goals enabled by these impressive observational facilities
can only be achieved, if the theoretical predictions are at the same level of precision as those set by
observations.
Sachs [17, 18] was the first to develop the basic foundation for the propagation of the gravita-
tional waves, and building on this framework the early work on weak lensing was performed by Gunn
[19]. With observational progress in 1990s, cosmological weak lensing received large attention, and
many researchers [20–26] established the standard weak lensing formalism, which is further com-
pleted in the following years [27–31]. However, despite these theoretical and observational develop-
ments in the past decades, there has not been a complete gauge-invariant description of cosmological
weak lensing. Here we derive the gauge-invariant formalism of cosmological weak lensing. The key
ingredient for such a task is to identify the missing physics in the standard weak lensing formalism,
which makes the predictions for the lensing observables gauge-dependent. In recent years, great at-
tention has been paid to the relativistic description of galaxy clustering [32–37] (see [38] for review),
by which the gauge ambiguities in the standard theoretical predictions are highlighted. The dominant
contribution to galaxy clustering is the matter density fluctuation, and it is well known that the mat-
ter density power spectrum differs significantly near the horizon among different choices of gauge
condition. It was quickly understood and argued [32] that the standard model for galaxy clustering
was incomplete and our (correct) theoretical descriptions for any cosmological observables should be
gauge-invariant; The key reason for such inadequacy in the standard model was that “unobservable
quantities” are used to build theoretical predictions. For example, the observed redshift z is a physical
observable, but our description of the radial position (or sometimes called “true redshift” z¯ without
the redshift-space distortion) is gauge-dependent. In gravitational lensing, the observed angular posi-
tion nˆ of the source is physical, but our description of the (unlensed) “true angular position” sˆ is again
gauge-dependent. The standard weak lensing formalism built in terms of such unobservable quanti-
ties is inevitably incomplete. In fact, it is well known that the lensing convergence κ in Eq. (4.19) is
gauge-dependent and hence it cannot be directly associated with the physical lensing observable we
2http://hsc.mtk.nao.ac.jp/ssp
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measure. It is shown [39, 40] that the lensing convergence we measure is the (gauge-invariant) fluc-
tuation δD in Eq. (5.39) in the luminosity distance (or the angular diameter distance), which includes
not only the standard lensing convergence κ, but also other relativistic contributions. Here we present
a complete and coherent description of the gauge-invariant lensing formalism.
Establishing the proper descriptions of the observable quantities such as the observed angle and
redshift is the first step, and this requires the specification of the observer, in particular, the observer
frame, in which the metric is Minkowski ηab. The second step is to establish the proper descriptions
of the physical quantities at the source position that will be measured by the observer, and this step
also requires the specification of the source and its rest-frame, where the physical quantities such as
the size and the shape of galaxies are defined. For both cases, the tetrad basis provides such a link
needed to connect the light propagation in the Friedmann-Robertson-Walker (FRW) universe to the
rest-frames of the observer and the source. The standard lensing formalism lacks such descriptions.
In Sec. 2, we introduce the tetrad basis and present the linear-order expression for the tetrad vectors.
Furthermore, there exists one more critical ingredient missing in the standard lensing formalism —
check of gauge-invariance. In the lensing literature, a gauge condition is adopted (almost exclusively
the conformal Newtonian gauge), and all the calculations are performed with that gauge condition.
However, by fixing the gauge condition, one loses the ability to check the gauge-invariance of the-
oretical predictions computed in that gauge condition. Here we perform all our calculations with
the general metric representation without choosing any gauge conditions, such that we can explicitly
check at each step the gauge-invariance of our expressions. This procedure greatly helps understand
better which part in our theoretical descriptions can be associated with the physically meaningful
quantities.
The organization of the paper is as follows: In Sec. 2, the basic observables in the observer
rest-frame are expressed in relation to the photon wavevector, and a local tetrad basis is constructed
to provide the connection to the photon wavevector in a FRW coordinate. In Sec. 3, we solve the
photon geodesic equation, accounting for all the relativistic effects and paying particular attention
to the subtleties at the observer position. The source position in a FRW coordinate is geometrically
decomposed to represent the deviation from the observationally inferred position. In Sec. 4, we
generalize the standard weak lensing formalism by using the full geodesic equation, we demonstrate
that the standard formalism is still incomplete and gauge-dependent. In Sec. 5 we present our main
results of the gauge-invariant weak lensing formalism. Using the tetrad basis at the source position,
we construct the distortion matrix in terms of the physical size and shape in the source rest-frame,
and we compute the lensing observables in Sec. 5.1. In Sec. 5.2, we demonstrate that the tetrad basis
rotates as it is parallel transported along the photon path. However, we show that this rotation is
gauge-artifact and not observable. In Sec. 5.3 we present the lensing E-B decomposition and clarify
its relation to the lensing rotation. In Sec. 6, we compare our results to previous work on the lensing
effects due to the gravitational waves in Sec. 6.1, on the lensing formalism by a standard ruler in
Sec. 6.2, and on the lensing formalism by a Jacobi mapping approach in Sec. 6.3. We summarize our
findings and discuss the implications of our new formalism for upcoming surveys in Sec. 7.
Throughout the paper, we use the Greek indices µ, ν, ρ, · · · for the space-time components
in a FRW coordinate with metric gµν , in which we use the conformal time η and the Greek in-
dices α, β, γ, · · · to represent the time and the spatial components, respectively. The Latin indices
a, b, c, · · · are used to represent the internal components in a rest-frame with the Minkowski met-
ric ηab, in which we use the proper-time t and the Latin indices i, j, k, · · · to represent the time and
the spatial components. We summarize our notation convention in Table 1.
3
Table 1. Notation convention used in the paper
Symbols Definition of the symbols Equation
ω, nˆ photon angular frequency & propagation direction (2.1)
ηab, e
µ
a Minkowski metric and local tetrad basis (e
µ
0 = u
µ, eµi ) (2.2)
δeηi , δe
α
i perturbations to the spatial tetrad vectors (2.5)
Uα, Ωi spatial velocity of the observer, orientation of the local tetrad basis (2.4), (2.12)
nµλ, ωλ, u
µ
λ photon propagation direction and frequency measured by the observer u
µ (2.15)
kˆµ, δν, δnα conformally transformed photon wavevector & its perturbations (3.5), (3.7)
∆̂ν normalization condition for kˆµ (3.6)
η¯o, t¯o age of the Universe (3.16)
δηo, δxαo coordinate lapse and shift of the observer position (3.18), (3.19)
δz perturbation in the observed redshift z (3.30), (3.31)
η¯z , λz , r¯z quantities expressed at the observed redshift z (3.36)
∆λs perturbation in the affine parameter (λs = λz + ∆λs) (3.38)
∆ηs, ∆xαs deviation of the source position from the inferred position (3.40), (3.41)
δr, δθ, δφ geometric decomposition of the spatial deviation (3.43), (3.46)
Ωn, Ωθ, Ωφ decomposition of the rotation vector Ωi (3.50)
κ, κcN lensing convergence and its expression in Newtonian gauge (4.19), (4.21)
γ1,2, ±2γ, γαβ lensing shear components (4.22), (4.31)
∆sα perturbation to the extended source size (5.6)
∆nαs deviation of the photon propagation direction n
µ
s at the source (5.7)
nis = (θs, φs) photon propagation direction in the source rest-frame (5.10)
∆θ, ∆φ perturbations in the source angle (θs = θ + ∆θs, φs = φ+ ∆φs) (5.12)
∆θis, ∆φ
i
s perturbations to the source angular vectors θ
i
s & φ
i
s (5.14)
κˆ, γˆ1,2, ωˆ gauge-invariant physical lensing observables (5.41), (5.46)
e˘µa tetrad basis parallel transported along the photon path Sec. (5.2)
nis = nˆ
i
s photon propagation direction in the source rest-frame Sec. (5.2)
θˆis, φˆ
i
s basis vectors parallel transported and Lorentz boosted (5.59)
∆θˆis, ∆φˆ
i
s perturbations to the basis vectors parallel transported and Lorentz boosted (5.59)
gµν , A, Bα, Cαβ FLRW metric tensor and its perturbations (A.2)
α, β, ϕ, γ scalar metric perturbations (A.3)
Bα, Cα, Cαβ vector and tensor metric perturbations (A.3)
ξµ, T , L, Lα coordinate transformation & its decomposition (A.4)
αχ, ϕχ, Ψα scalar and vector gauge-invariant variables (A.10)
2 Observables in the Light Propagation
We derive the expressions for the basic quantities associated with the light propagation in terms of
the metric perturbations, clarifying the difference between the FRW frame and the observer frame. In
the former the light propagation is computed, and in the latter the local observables are defined and
measured.
2.1 Observer rest-frame: Tetrad basis
The observers perform cosmological observations in the observer rest-frame, in which the metric is
Minkowski ηab and the time direction is set by the four velocity uµ of the observer. This frame is
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defined only in the infinitesimal neighborhood of a given spacetime point of the observer. However, a
tangent space orthogonal to the time direction uµ of the observer can be well defined, by constructing
three spacelike vectors eµi , where the index i represents three spatial directions of the observer (i =
1, 2, 3). Together with the time direction eµ0 ≡ uµ, these four vectors are referred to as a tetrad eµa ,
forming an orthonormal basis of the observer (ηab = gµνe
µ
aeνb ). The Latin indices (a, b, c, · · · =
0, 1, 2, 3) are used to represent the component of a tetrad, and they are raised and lowered with the
Minkowski metric.
Cosmological information is measured by observing light from a distant source, and the tetrad
vectors serve as a basis for this cosmological observation. Consider a null vector kµ in a given FRW
coordinate, describing the light propagation. This photon wavevector is measured in the observer
rest-frame as
ka = eaµk
µ = (ω, k) = ω(1 ,−nˆ) , ω = |k| , |nˆ| = 1 , (2.1)
where we expressed the components of the photon wavevector in the observer rest-frame, in terms of
the observable quantities: the angular frequency ω = 2piν of the photon and the angular position nˆ
of the source. In the observer rest-frame, a set of angles (θ, φ) is assigned to the unit directional
vector ni = (sin θ cosφ, sin θ sinφ, cos θ). Trivially, these cosmological observables (e.g., ω, nˆ, and
so on) are independent of FRW coordinates, while the components of the photon wavevector kµ or
the tetrad vectors eµa are coordinate dependent. This diffeomorphism invariance of any cosmological
observables was emphasized by Yoo and Durrer [41] in conjunction with their gauge-transformation
properties beyond the linear order in perturbations, and it can be readily inferred from the above
equation as the coordinate indices of cosmological observables are contracted with the coordinate
indices of the tetrad vectors and only the internal indices of the tetrad vectors remain. It is emphasized
[42] that the coordinate indices µ, ν, · · · and the internal tetrad indices a, b, · · · transform according
to their own (different) symmetry groups.
2.2 Tetrad basis vectors in a FRW coordinate
In general, the four tetrad vectors in four dimensions have sixteen degrees of freedom, and ten of
which are constrained by the metric tensor gµν :
ηab = gµνe
µ
ae
ν
b , g
µν = ηabeµae
ν
b , e
µ
ae
a
ν = δ
µ
ν , e
µ
ae
b
µ = δ
a
b . (2.2)
The remaining six degrees of freedom belong to the Lorentz symmetry at a given spacetime, i.e.,
three Lorentz boosts and three spatial rotations. While the tetrad formalism is completely general in
choosing the remaining symmetry, the Lorentz boosts in our case are already fixed by the observer
four velocity eµ0 = u
µ. This gauge choice is natural for describing the cosmological observables,
and it applies to all spacetime points, defining the rest-frame of not only the observer, but also any
other “observers,” including the sources of our cosmological observables (see [42] for a complete
description of the tetrad formalism in cosmology).
The spatial directions eµi can be arbitrary due to the remaining symmetry in rotation in the rest-
frame. For convenience, however, we fix the spatial symmetry by aligning the spatial tetrad directions
with the FRW coordinate directions in a homogeneous universe as
e¯µ0 =
(
1
a
, 0
)
, e¯µi =
(
0,
1
a
δαi
)
, (2.3)
where δαi is a Kronecker delta and we assumed a flat FRW universe and chose a rectangular coordi-
nate (see Appendix A for the metric convention). With such choice, there exists no further remaining
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gauge symmetry in the tetrads. Indeed, this choice is implicitly made in most work in cosmol-
ogy, which makes calculations simpler. However, this choice often compounds the internal and the
coordinate components, which makes the calculations vulnerable to errors, when perturbations are
considered. We will clarify what errors were made in previous work, with particular attention to the
difference in indices — The internal components are diffeomorphism invariant and related to what
we measure.
In our real universe, we have to consider the deviations from the homogeneous FRW metric.
The time direction eµ0 of the tetrad is set by the timelike four velocity field u
µ as
− 1 = uµuµ , eµ0 ≡ uµ =
1
a
(1−A, Uα) , (2.4)
at the linear order in perturbations. The spatial directions of the tetrad can be parametrized as
eµi ≡
1
a
(δeηi , δ
α
i + δe
α
i ) , δe
α
i ≡ −δαj pj i , (2.5)
where δeηi and δe
α
i (or p
j
i) are perturbations, capturing the deviation from the background. The
perturbation δeαi in the spatial component of e
µ
i can be further split into the symmetric part Sij and
the anti-symmetric part Aij as
pij ≡ Sij +Aij , Sij ≡ 1
2
(pij + pji) , Aij ≡ 1
2
(pij − pji) . (2.6)
The spatial indices i, j are raised and lowered by the spatial part δij of the Minkowski metric. In
equivalence, the perturbation δeαi can be split in terms of FRW coordinates.
3 The orthonormality
condition in Eq. (2.2) constrains the time component of the spatial tetrads
δeηi = δ
α
i (Uα − Bα) , (2.8)
and the symmetric part of the spatial component
Sij = δ
α
i δ
β
j Cαβ = Cij . (2.9)
Despite the expression written in terms of the internal indices, the symmetric part Sij is not invariant
under diffeomorphism, as the coordinate indices are contracted with the metric tensor Cαβ , which
changes under gauge transformations. The anti-symmetric part Aij is, however, left unconstrained
by the orthonormality condition, which is why this part was unnoticed in previous work (e.g., see
[36–38]).
To complete the derivation of the tetrad basis vectors, we consider their gauge-transformation
properties. Being a four vector at every spacetime point, the tetrad vectors transform as vectors under
a coordinate transformation in Eq. (A.4), and for an infinitesimal coordinate transformation by ξµ,
this relation dictates the gauge-transformation of the tetrad vectors:
δξe
µ
a = −£ξeµa 7→
1
a
δξ (δe
µ
a) = −£ξ e¯µa +O(2) , (2.10)
3In complete generality, we can split the perturbation δeαi of the spatial-component of e
µ
i into the symmetric part S
α
β
and the anti-symmetric part Aαβ as
δeαi ≡ −δβi pβα , pβα ≡ Sβα +Aβα , Sβα ≡
1
2
(pβ
α + pαβ) , Aβ
α ≡ 1
2
(pβ
α − pαβ) .
(2.7)
This definition is as valid as Eq. (2.6).
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where £ξ is the Lie derivative. With the gauge-transformation of the metric perturbations in Ap-
pendix A, the anti-symmetric part has to transform as
δαjA˜
j
i = δαjA
j
i − L[α,β]δβi , (2.11)
where the scalar part of the spatial transformation Lα cancels and only the vector part Lα remains.
Given the constraint from the gauge transformation, the anti-symmetric part of the spatial tetrad
vectors can be expressed in terms of the metric perturbations and the rotation of the spatial tetrad
vectors as
δαjA
j
i ≡ C[α,β]δβi + αij Ωj , (2.12)
where ijk is the Levi-Civita symbol, the rotation vector Ωi captures the residual symmetry in spatial
rotation and is invariant under diffeomorphism. The anti-symmetric part, often ignored in previous
work, is composed of the vector perturbation Cα and the spatial rotation Ωi of the tetrad vectors.
Fortunately, the errors in missing the anti-symmetric part in the tetrad expressions are relatively
innocuous — As a choice of internal gauge, the spatial rotation can be set zero Ωi = 0, and the
perturbation calculations are performed in most cases without vector perturbations or by choosing a
spatial gauge Cα ≡ 0. In this work, we will keep the rotation in general, and the implication of the
spatial rotation Ωi will be discussed at length in Sec. 5.2.
Accounting for the symmetric and the anti-symmetric parts, we present the complete expression
for the spatial tetrad vectors at the linear order [42]:
eµi =
1
a
[
δβi (Uβ − Bβ) , δαi − δβi
(
ϕ δαβ + Gα,β + Cαβ
)− αijΩj] . (2.13)
Given the six degrees of freedom, we fixed the three Lorentz boosts by setting the timelike direction
eµ0 ≡ uµ as the four velocity field, but we left unspecified the remaining three spatial rotations Ωk
in the spatial tetrad vectors at the perturbation level. All degrees of freedom are already fixed at the
background.
2.3 Photon wavevector in a FRW coordinate
Having derived the local tetrad vectors, we are now in a position to relate the local observables to
the photon wavevector kµ in the FRW frame. In the observer rest-frame, the observer measures the
photon frequency ν and the angular position nˆ of the source. These basic observables can be used
to construct a photon wavevector ka = eaµk
µ in the rest-frame as in Eq. (2.1), and they are invariant
under diffeomorphism. Using the tetrad expression, we can derive the photon wavevector in a FRW
coordinate
kµ = eµak
a =
ω
a
[
1−A− niδβi (Uβ − Bβ) ,−niδαi + Uα + niδβi
(
ϕ δαβ + Gα,β + Cαβ
)
+ αijn
iΩj
]
,
(2.14)
and the observed direction of the photon propagation in a FRW coordinate can be derived in a similar
way as
nµ = nieµi = −
kµ
ω
+ uµ , 0 = nµuµ , 1 = n
µnµ , (2.15)
where the explicit expression can be readily inferred from Eq. (2.13). In the absence of perturbations,
the spatial components of the photon wavevector kµ or the photon propagation direction nµ are
proportional to the observed direction ni in the observer rest-frame, because the spatial tetrad vectors
are by construction aligned with a FRW coordinate.
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However, the presence of perturbations changes their expressions in a FRW coordinate. This is
a general relativistic generalization of a Lorentz boost in special relativity, with which the observer
moving with a relative velocity measures different frequency and different propagation direction.
Compared to previous work [38], the difference in Eq. (2.14) arises solely due to the missing anti-
symmetric part Aij in the spatial tetrad vectors, and that is, the vector perturbation and the spatial
rotation. We emphasize that all the quantities above are evaluated at the observer position and the
expression is valid only at the observer position, because the angular frequency ω and the propagation
direction ni are the quantities measured by the observer, not a field defined everywhere.
Nevertheless, it is useful to have such expressions along the photon path by generalizing the
above equations. Given the observables (ω, ni) in the observer rest-frame described by uµ, we com-
pletely fixed the photon wavevector kµ in Eq. (2.14) at the observer position by setting the orienta-
tion Ωi of the spatial tetrad eµi . The photon wavevector is subject to the geodesic equation and the
null condition, such that it is completely determined in a FRW coordinate along the null path de-
scribed by the observables (ω, ni). At any point xµλ along the null path (parametrized by λ), we will
need to specify an “observer” with four velocity uµλ, defining the timelike direction, in which another
“observation” will be performed. This observer at xµλ will measure the frequency ωλ = − (uµkµ)λ
in the rest-frame (different from ω at origin), and hence the “observed direction nµλ ” of this observer
in a FRW coordinate is determined as in Eq. (2.15). However, as evident in Eq. (2.15), the observed
direction niλ in the observer rest-frame depends on the choice of the spatial tetrad e
µ
i at x
µ
λ, i.e., the
rotation Ωiλ. This reflects the freedom to choose local coordinate directions, on which the observed
angle (θ, φ)λ depends.
3 Photon Geodesic Path and Source Position in a FRW Coordinate
Here we solve the geodesic equation to obtain the source position in a FRW coordinate and derive the
geometric distortions of the source position from the observed position. Compared to the previous
work, we clarify the change in the calculations due to the missing anti-symmetric part of the spatial
tetrad vectors and the spatial coordinate shift at the observer position.
3.1 Conformal transformation of the FRW metric
To facilitate the computation of the null geodesic path in a FRW coordinate, we perform a conformal
transformation gµν 7→ gˆµν :
gˆµν ≡ 1
a2
gµν = − (1 + 2A) dη2−2Bαdxαdη+
[
(1 + 2ϕ)δαβ + 2γ,αβ + 2C(α,β) + 2Cαβ
]
dxαdxβ .
(3.1)
Since the null geodesic path (ds2 = 0) remains unaffected by the conformal transformation, we can
utilize the geodesic equation in the conformally transformed metric to derive the null path xµ. While
the null path xµ(Λ) can be parametrized by any affine parameter Λ, we can physically fix the affine
parameter Λ by demanding that the tangent vector along the path is the photon wavevector,4
kµ(Λ) =
dxµ
dΛ
, (3.2)
and Eq. (2.14) is satisfied at the observer position as the initial condition for the photon wavevector. In
addition, the photon wavevector should meet the null condition 0 = kµkµ and the geodesic equation
0 = kνkµ;ν at any point along the path.
4Note that not all tangent vectors of a given path correspond to the photon wavevector. So, the condition that the tangent
vector in Eq. (3.2) is the photon wavevector completely fixes the parametrization of the path.
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With the conformal transformation, the geometry of the spacetime manifold changes, and the
covariant derivatives in two different manifolds are not identical in order to satisfy their own metric
compatibility:
0 = ∇ρgµν , 0 = ∇ˆρgˆµν , (3.3)
where quantities in the conformally transformed metric are represented with hat. The metric compat-
ibility condition in two manifolds implies [43] that the covariant derivatives are related to each other
with the connecting tensor as
∇ˆνkµ = ∇νkµ + Cµνρkρ , Cµνρ ≡ H
(
gνρg
µη − δµν δηρ − δµρ δην
)
. (3.4)
Hence, the geodesic equation is not satisfied for the photon wavevector kµ with ∇ˆµ in the confor-
mally transformed metric. However, by re-parameterizing the photon path xµ(λ) with different affine
parameter λ, we can derive the conformally transformed wavevector kˆµ for the same null path that
satisfies the geodesic equation 0 = kˆν∇ˆν kˆµ in the conformally transformed metric:
kˆµ =
dxµ
dλ
= Ca2kµ ,
dΛ
dλ
= Ca2 , (3.5)
where the proportionality constant C is left unconstrained in the conformal transformation, because
the metric compatibility constrains only the derivative of dΛ/dλ [43].
Given the conformal transformation, the choice of the normalization C is completely free. With
Eqs. (3.5) and (2.14), it appears natural to choose the normalization to fix the combination Caω that
is constant everywhere in the background.5 Therefore, we fix the normalization factor C by setting
the product at the observer position [37, 38, 44]
1 ≡ Caω at xµ(λo) = xµo , (3.6)
where the subscript o represents the observer position. The presence of perturbations makes the
combinationCaω vary as a function of position, while the normalization constantC is still a constant.
With such condition, the conformally transformed photon wavevector can be parametrized as
kˆµ ≡ (1 + δν ,−niδαi − δnα) , (3.7)
and the perturbations to the photon wavevector at the observer position are then
δνo = ∆̂νo −Ao − niδβi (Uβ − Bβ)o = ∆̂νo −
[
αχ + V‖ +
d
dλ
(χ
a
)
+Hχ
]
o
, (3.8)
δnαo = n
iδαi ∆̂νo − Uαo − niδβi
(
ϕ δαβ + Gα,β + Cαβ
)
o
− αijniΩjo (3.9)
= niδαi
(
∆̂ν − ϕχ −Hχ
)
o
− V αo −Ψαo − Cαβoδβi ni − αijniΩjo +
(
d
dλ
Gα
)
o
,
where we define the perturbation ∆̂ν in the observed frequency in the conformally transformed met-
ric, in terms of the product
Caω = −Ca (uµkµ) = −uˆµkˆµ = 1 + δν +A+ (Uα − Bα)nα ≡ 1 + ∆̂ν , (3.10)
because the four velocity in the conformally transformed metric is uˆµ = auµ and uˆµ = gˆµν uˆν =
uµ/a, justifying the notation. Our choice of the normalization condition in Eq. (3.6) becomes ∆̂νo =
5Furthermore, the “observed frequency ω” at any points other than the observer position requires a specification of the
observer four velocity uµ. However, this is completely fixed at the background as uµ = (1, 0)/a.
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0 at the observer position, but we keep the term ∆̂νo in general. However, we stress that the choice
of the normalization ∆̂ν in δnαo only affects the component in proportion to n
i, while the rotation
component is perpendicular to ni. With ∆̂νo = 0, the perturbations to the photon wavevector at the
observer position transform as
δ˜νo = δνo +
(
d
dλ
T +HT
)
o
, δ˜nαo = δn
α
o +
(
HTniδαi −
d
dλ
Lα
)
o
, (3.11)
where d/dλ = ∂η − niδαi ∂α is the derivative along the photon path in Eq. (3.24). Their gauge-
transformation properties in general can be derived from the transformation of the photon wavevec-
tor kµ with additional constraint that the normalization condition ∆̂ν is imposed at one physical
point p in any coordinate systems, i.e., Eq. (3.10) has the same value at the same physical point p:
δ˜ν = δν + 2HT −HpTp + d
dλ
T , δ˜nα = δnα + (2HT −HpTp)niδαi −
d
dλ
Lα . (3.12)
For our choice of the normalization condition, the fixed physical point p is the observer position. The
corrections at p in Eq. (3.12) were neglected in Eq. (2.21) in [38].
In addition, we define the observed angular vector nα in a FRW coordinate as
nα ≡ niδαi . (3.13)
However, it should be noted that the internal index i is invariant under diffeomorphism. We also define
two additional vectors θα and φα in terms of two unit directional vectors θi and φi perpendicular to ni
in the observer rest-frame:
θi = (cos θ cosφ, cos θ sinφ,− sin θ) , φi = (− sinφ, cosφ, 0) . (3.14)
Furthermore, we will use the following notation in connection to the directional vector nα:
B‖ ≡ Bαnα , C‖ ≡ Cαβnαnβ , Cα‖ ≡ Cαβnβ , (3.15)
generally applicable to any vectors or tensors.
3.2 Observer position in a FRW coordinate
In a homogeneous universe, the spatial coordinate of the observer or any other observers can be set
x¯αo = 0, and the (conformal) time coordinate is uniquely set to be η¯o in relation to the age t¯o of the
Universe:
η¯o =
∫ ∞
0
dz
H(z)
, t¯o =
∫ ∞
0
dz
H(z)(1 + z)
, (3.16)
where we used bar to indicate that the coordinate position of the observer is obtained in a homo-
geneous universe. Indeed, this can be readily derived by considering the motion of a free-falling
observer with four velocity uµ. The timelike four velocity can be parametrized in terms of the proper
time τ measured by the observer in the rest-frame, and the FRW coordinates of the observer can be
obtained by integrating the four velocity over the proper time:
xµτf − xµτi =
∫ τf
τi
dτ uµ . (3.17)
In a homogeneous universe, in which the observer four velocity is uµ = (1/a, 0), the time coordi-
nate η¯o of the observer today can be obtained by setting τi = 0 in the above equation.
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In the presence of perturbations, the observer motion deviates from the static motion in a homo-
geneous universe. Consequently, the coordinates of the observer today also deviate from x¯µo = (η¯o, 0)
in a homogeneous universe — the (time) coordinate lapse is [45]
ηo ≡ η¯o + δηo , δηo = 1
ao
δto = − 1
ao
∫ t¯o
0
dτ A = −
∫ t¯o
0
dt A , (3.18)
and the (spatial) coordinate shift is [41]
xαo ≡ x¯αo + δxαo , x¯αo = 0 , δxαo =
∫ t¯o
0
dt
1
a
Uα , (3.19)
where we changed the integration over the motion of the observer in terms of the proper time dτ
to the integration over the time coordinate at a fixed spatial coordinate, valid at the linear order in
perturbations. Using the geodesic condition of the observer motion
0 = aα = uν∇νuα = [A− (av)·],α + (avα)· , (3.20)
the coordinate lapse can be further simplified as
δt = −av , δη = −v . (3.21)
The coordinate lapse δηo and coordinate shift δxαo represent the deviation of the observer posi-
tion xµo from the position x¯
µ
o = (η¯o, 0) in a homogeneous universe. For a coordinate transformation
in Eq. (A.4), the observer position and its deviations transform as
x˜µo = x
µ
o + (T, Lα)o , δ˜x
µ
o = δx
µ
o + (T, Lα)o . (3.22)
From the gauge transformation properties in Appendix A, we can readily show that these deviations
in Eqs. (3.18) and (3.19) satisfy the transformation properties above. In the comoving-synchronous
gauge (v = A = Uα = 0), the observer position xµo is identical to that x¯µo in a homogeneous universe.
However, this is not valid in general. At the linear order in perturbations, the coordinate shift δxαo
drops out in the expressions of the cosmological observables such as the luminosity distance DL in
Eq. (5.39), the lensing shear γˆαβ in Eq. (5.46), and the lensing rotation ωˆ in Eq. (5.47), such that
there is no systematic error in missing the coordinate shift δxαo . However, the coordinate lapse δηo
has significant impact [46, 47], even at the linear order. The change in the observer time coordinate
affects the distortion δz in the observed redshift in Eq. (3.30), because it changes the ratio of the
cosmic expansion. The radial distortion δr in Eq. (3.43) is affected due to the change in the length
of the null path, while the angular distortions δθ and δφ in Eq. (3.46) are not affected at the linear
order. Therefore, the coordinate lapse δηo appears in the observable quantities such as the luminosity
distance DL, and it was shown [46] that the absence of δηo in the luminosity distance calculations
breaks the gauge invariance and the equivalence principle, causing the infrared divergences in the
variance of the luminosity distance. We must emphasize that though one can set zero the coordinate
lapse and shift, this choice corresponds to a gauge choice, i.e., the comoving-synchronous gauge.
This means that one cannot set the lapse and shift zero and choose other gauge conditions such as the
conformal Newtonian gauge than the comoving-synchronous gauge.
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3.3 Photon geodesic equation and observed redshift
The photon wavevector in the conformally transformed metric trivially satisfies the geodesic equation
in a homogeneous universe. In the presence of perturbations, the perturbations (δν, δnα) to the photon
wavevector kˆµ are constrained by the temporal and the spatial geodesic equations
0 = kˆν∇ˆν kˆη = d
dλ
δν + δΓˆη , 0 = kˆν∇ˆν kˆα = − d
dλ
δnα + δΓˆα , (3.23)
where we defined the derivative along the photon path with respect to the affine parameter
d
dλ
= kˆµ
∂
∂xµ
=
(
∂
∂η
− nα ∂
∂xα
)
+
(
δν
∂
∂η
− δnα ∂
∂xα
)
, (3.24)
and the perturbations in the geodesic equations
δΓˆη ≡ Γˆηµν kˆµkˆν = A′ − 2A,αnα +
(Bα,β + C′αβ)nαnβ (3.25)
=
d
dλ
[
2αχ + 2Hχ+
d
dλ
(χ
a
)]
− (αχ − ϕχ)′ +
(
Ψα,β + C
′
αβ
)
nαnβ ,
δΓˆα ≡ Γˆαµν kˆµkˆν = A,α − Bα′ −
(Bβ,α − Bα,β + 2Cα′β )nβ + (2Cαβ,γ − Cβγ,α)nβnγ (3.26)
= (αχ − ϕχ),α −Ψβ,αnβ − Cβγ,αnβnγ − d
dλ
(
2ϕχn
α + Ψα + 2Cαβ n
β + 2Hχnα
)
+
d2
dλ2
Gα .
These perturbations were also introduced in [37, 38, 44], but there was a typo in Eq. (2.26) for the
expression of δΓˆη in [38]. Note that we already chose a rectangular coordinate for our flat FRW
coordinate, in which the Christoffel symbols vanish in the background. In addition to the geodesic
equation, the perturbations to the photon wavevector are subject to the null condition 0 = kˆµkˆµ:
nαδnα = δν +A− B‖ − C‖ . (3.27)
With the explicit expressions of the geodesic equations, we integrate them over the affine parameter
to obtain the perturbations (δν, δnα)λ along the photon path x
µ
λ:
δνλ − δνo = −
∫ λ
0
dλ′ δΓˆη (3.28)
= −
[
2αχ + 2Hχ+
d
dλ
(χ
a
)]λ
λo
+
∫ λ
λo
dλ′
[
(αχ − ϕχ)′ −
(
Ψα,β + C
′
αβ
)
nαnβ
]
= −
[
2αχ −Ψ‖ + 2Hχ+
d
dλ
(χ
a
)]λ
λo
−
∫ r¯λ
0
dr¯
(
αχ − ϕχ −Ψ‖ − C‖
)′
,
and
δnαλ − δnαo =
∫ λ
0
dλ′ δΓˆα = −
[
2ϕχn
α + Ψα + 2Cαβ n
β + 2Hχnα − d
dλ
Gα
]λ
λo
−
∫ r¯λ
0
dr¯
[
(αχ − ϕχ),α −Ψβ,αnβ − Cβγ,αnβnγ
]
, (3.29)
where the quantities in the square bracket are evaluated at the source and the observer positions
parametrized by λ and λo. Note that the derivative dλ along the photon path was considered only at
the background level and we replaced it with the integration over the comoving distance dr¯, all of
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which are valid only when the integrands are at the linear order in perturbations. The perturbations
(δν, δnα)o at the observer position are fixed in Eq. (3.8) as the initial condition.
Before we proceed to obtain the source position xµs by integrating the geodesic equations once
more over the affine parameter, we derive the expression for the observed redshift. The light emitted
in the rest-frame of the source travels across the Universe, and its wavelength is stretched due to the
expansion. With reference to the rest-frame wavelength or the emission frequency ωs in the source
rest-frame, the observed redshift z is constructed by using the observed frequency ωo at the observer
as
1 + z ≡ ωs
ωo
=
k0s
k0o
=
(uµk
µ)s
(uµkµ)o
=
ao
as
(
1 + ∆̂νs − ∆̂νo
)
≡ 1 + δz
as
, (3.30)
where we used Eq. (3.10) and we defined the perturbation δz in the observed redshift. In addition
to the cosmic expansion, the photon wavelength (hence the observed redshift) is affected by the
peculiar velocity, the gravitational redshift, and so on, and the perturbation δz in the observed redshift
captures such effects of inhomogeneities. Noting that the observer time-coordinate is ηo = η¯o + δηo
in Eq. (3.18) and the expression for the perturbation δν is Eq. (3.28), we can derive the expression
for δz as
δz ≡ Hoδηo+∆̂νs−∆̂νo = −Hχ+(Hδη +Hχ)o+
[
V‖ − αχ + Ψ‖
]λs
λo
−
∫ r¯s
0
dr¯
(
αχ − ϕχ −Ψ‖ − C‖
)′
.
(3.31)
By converting to gauge-invariant variables, we isolated the gauge-dependent term in δz, and it trans-
forms as δ˜z = δz +HT , with which we can define a gauge-invariant variable δzχ ≡ δz +Hχ. Note
that while at the observer position λo the perturbation δz in the limit z = 0 is non-vanishing
lim
λs→λo
δz = Hoδηo 6= 0 , (3.32)
by definition in Eq. (3.30), the observed redshift is indeed zero (z = 0), because as = ao = 1+Hoδηo
in this case, canceling the non-vanishing part in the perturbation δz.
3.4 Source position along the photon geodesic path
With the photon wavevector in the conformally transformed metric and its initial condition at the
observer position, we will integrate the photon wavevector over the affine parameter to derive the
source position along the photon geodesic path. The photon path is a straight line in a homogeneous
universe, and the inhomogeneities in the real universe deflect the photon path from a straight line.
We will begin the calculations by considering a homogeneous universe first and thereby obtaining
the relation to the affine parameter set by our normalization condition in Eq. (3.6). Any position xµλ
along the photon path will be marked by the affine parameter λ, and we will use bar to indicate that
the position is derived in a homogeneous universe:
x¯µλ − x¯µo =
∫ λ
0
dλ′ ˆ¯kµλ′ = (λ ,−λ nα) , (3.33)
where we set to zero the affine parameter at the observer λo = 0 and the position of the observer in a
homogeneous universe is uniquely set x¯µo ≡ (η¯o, 0). As a coordinate in the world-line manifold, the
affine parameter is defined by the above equation as
λ ≡ η¯λ − η¯o = −r¯λ , (3.34)
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hence the spatial position becomes
x¯αλ = −λ nα = r¯λnα . (3.35)
The observed redshift is the only way we can assign a physically meaningful distance to cosmological
objects. Since the comoving distance r¯ is often defined in terms of a redshift parameter z, we define
the affine parameter λz and the time coordinate η¯z of the source in the background in terms of the
observed redshift z as
λz ≡ η¯z − η¯o = −r¯z , 1 + z = a(η¯o)
a(η¯z)
, r¯z =
∫ z
0
dz′
H(z′)
. (3.36)
We have used bar for the position x¯µλ = (η¯, x¯
α)λ along the photon path to indicate that this position
is evaluated in a homogeneous universe, given the observed angle ni in the observer rest-frame. We
prefer to use this notation, because the position along the photon path changes in the presence of
perturbations, or the mapping from a world-line manifold changes from x¯µλ to x
µ
λ, not because we
want to introduce perturbations to a coordinate system.
With (δν, δnα) in Eqs. (3.28) and (3.29), we can derive the expression for any position xµλ along
the path by integrating the perturbations over the affine parameter. First, we integrate the temporal
part of the photon wavevector:
δηλ − δηo = λ
(
∆̂ν + αχ − V‖ −Ψ‖ +Hχ
)
o
−
(χ
a
)
+
(χ
a
)
o
+
∫ r¯λ
0
dr¯
(
2αχ + 2Hχ−Ψ‖
)
+
∫ r¯λ
0
dr¯ (r¯λ − r¯)
(
αχ − ϕχ −Ψ‖ − C‖
)′
, (3.37)
such that the time coordinate of the source position is ηs = η¯s + δηs. However, since the distance is
more physically related to the observed redshift, we first relate the affine parameter λs at the source
position to the observed redshift as
λs = η¯s − η¯o ≡ λz + ∆λs , (3.38)
where we defined the residual deviation ∆λs of the affine parameter λs from λz . Then the time-
coordinate of the source position becomes
ηs = η¯z + δηs + ∆λs ≡ η¯z + ∆ηs , (3.39)
and the definition of the perturbation δz in Eq. (3.30) yields
∆ηs =
δz
H , ∆˜ηs = ∆ηs + Ts . (3.40)
Naturally, when expressed at the observed redshift, only ∆ηs will appear in the equations.6 In the
limit z = 0, ∆ηs = δηo, and ∆λs = 0. We prefer to work with (η¯z,∆ηs), rather than (η¯s, δηs),
because only ∆ηs gauge-transforms in the former combination, while (η¯s, δηs) are both affected
by a coordinate transformation. Note that this choice is made by convenience and we can use δηs
derived in Eq. (3.37) to reproduce the relations in Eqs. (3.39) and (3.40). Compared to the time
6Note that the presence of ∆̂ν in Eq. (3.37) in δηλ implies an undetermined split of η¯λ and δηλ, rather than the
arbitrariness (or the normalization factor C) in the conformal transformation, and indeed ∆̂ν disappears in ∆ηs, when we
used the coordinate η¯z in terms of the observed redshift.
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coordinate η¯z we infer from the observed redshift, the difference ∆ηs in the source coordinate ηs
naturally depends on the time coordinate ηo of the observer and hence the coordinate lapse δηo.
However, it is independent of the rotation Ωio of the local tetrad bases.
Next, we integrate the spatial part of the photon wavevector to obtain the source position in a
FRW coordinate. As mentioned, it proves convenient to express the source position xµs around the
position x¯µz inferred from the observed redshift and angle. Having computed the time distortion ∆ηs
in Eq. (3.40), we will compute the spatial distortion ∆xαs of the source position as
xαs ≡ x¯αz + ∆xαs = δxαo − λsnα −
∫ λs
0
dλ δnα = x¯αz + δx
α
o −∆λsnα +
∫ r¯z
0
dr¯ δnα . (3.41)
Given the privileged direction nα, we decompose the spatial distortion into the radial δr distortion
and the transverse distortion δxα⊥ as
∆xαs ≡ δr nα + ∆xα⊥ , δr = nα∆xαs , 0 = nα∆xα⊥ , (3.42)
where the radial distortion is [33, 37, 38]
δr = nαδx
α
o −∆λs −
[χ
a
+ G‖
]z
o
+
∫ r¯z
0
dr¯
(
δν + αχ − ϕχ −Ψ‖ − C‖
)
= (χo + δηo)− δzχHz +
∫ r¯z
0
dr¯
(
αχ − ϕχ −Ψ‖ − C‖
)
+ nα (δx
α + Gα)o − nαGαs , (3.43)
where we used the null condition in Eq. (3.27) and the distortion in the time coordinate in Eq. (3.40).
In [38], there was a typo in the final equation (3.5), in addition to the missing term of the coordinate
shift δxαo at the observer position. The expression for δr is arranged in terms of gauge-invariant
variables, isolating the gauge-dependent term nαGαs , such that δ˜r = δr + nαLαs . Being the spatial
distortion, the radial distortion δr depends on the spatial position xαo of the observer and hence the
coordinate shift δxαo , but again it is independent of the rotation Ω
i
o of the spatial tetrad vectors (same
for the distortion ∆ηs in the time coordinate).
For the transverse components ∆xα⊥ of the spatial distortions, we have to integrate δn
α
λ in
Eq. (3.29) over the affine parameter as∫ r¯z
0
dr¯ δnαλ = r¯z
[
δnα + 2Hχnα − d
dλ
Gα + 2ϕχnα + Ψα + 2Cαβ nβ
]
o
− Gαs + Gαo (3.44)
−
∫ r¯z
0
dr¯
[
2Hχnα + 2ϕχn
α + Ψα + 2Cαβ n
β
]
−
∫ r¯z
0
dr¯(r¯z − r¯)
[
(αχ − ϕχ),α −Ψβ,αnβ − Cβγ,αnβnγ
]
.
Further splitting the transverse distortion by using θα and φα in Eq. (3.13)
∆xα⊥ ≡ r¯z (δθ, sin θ δφ) , r¯zδθ = θα∆xαs , r¯z sin θ δφ = φα∆xαs , (3.45)
we derive the angular distortions as [33, 37, 38]
r¯zδθ = r¯zθα
[
−V α + Cαβ nβ − αijniΩj
]
o
−
∫ r¯z
0
dr¯ θα
[
Ψα + 2Cαβ n
β
]
(3.46)
−
∫ r¯z
0
dr¯(r¯z − r¯)θα
[
(αχ − ϕχ),α −Ψβ,αnβ − Cβγ,αnβnγ
]
+ θα (δx
α + Gα)o − θαGαs ,
where we used δnαo in Eq. (3.8). For the azimuthal distortion sin θ δφ, the above equation can be used
with θα replaced with φα. The derivative in the second integration in Eq. (3.46) cannot be pulled out
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as in equation (3.6) in [38] for the vector and the tensor perturbations, because it is the derivative with
respect to the observed angle due to θα:
Ψβ,αθ
αnβ =
1
r¯
(
∂
∂θ
Ψ‖ −Ψαθα
)
, Cβγ,αθ
αnβnγ =
1
r¯
(
∂
∂θ
C‖ − 2Cαβnαθβ
)
.
(3.47)
With such expressions, we can further simplify the angular distortions as
δθ = θα
[
−V α + Cαβ nβ − αijniΩj
]
o
−
∫ r¯z
0
dr¯
r¯
θα
[
Ψα + 2Cαβ n
β
]
(3.48)
−
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)
∂
∂θ
(
αχ − ϕχ −Ψ‖ − C‖
)
+
θα
r¯z
[(δxα + Gα)o − Gαs ] .
The expression for δθ is again arranged in a gauge-invariant way, that r¯z δ˜θ = r¯zδθ + θαLαs . Sim-
ilarly to the radial distortion, the transverse distortions depend on the observer position xαo (and the
coordinate shift δxαo ). Furthermore, since they are expressed in terms of the observed angle (θ, φ) in
the observer rest-frame, it is also affected by the orientation of the local tetrad basis as
r¯zδθ 3 r¯zΩφo , r¯z sin θ δφ 3 −r¯zΩθo , (3.49)
where for convenience we decompose the gauge-invariant vector for the rotation of the local tetrad
basis as
Ωi ≡ niΩn + θiΩθ + φiΩφ , αijniΩj = −θαΩφ + φαΩθ . (3.50)
The implication is clear, such that if the local tetrad basis is rotated (Ωio 6= 0) against a FRW coordi-
nate, the angular source position would be further rotated, given the observed angle (θ, φ).
In summary, the source position xµs , given the observed redshift z and the observed angle ni,
is expressed as the sum of the position x¯µs inferred from these observables and the deviation ∆x
µ
s
around it:
xµs (z, θ, φ) = (η¯z + ∆ηs, r¯z + δr, θ + δθ, φ+ δφ) = x¯
µ
z + ∆x
µ
s , x¯
µ
z =
(
η¯z, r¯zn
i
)
,
(3.51)
where the components of the source position is written in a spherical coordinate. For a coordinate
transformation at the source position xµs in Eq. (A.4), the deviation ∆x
µ
s must gauge transform as
∆˜xµs = ∆x
µ
s + ξ
µ
s , ∆˜ηs = ∆ηs + Ts , ∆˜x
α
s = ∆x
α
s + Lαs , (3.52)
because the position x¯µz inferred from the observables remains unchanged. These transformation
properties are indeed satisfied in Eqs. (3.43), (3.46), and (3.40). In the limit z = 0, the source position
becomes xαs = x
α
o = δx
α
o in Eq. (3.19), and hence we have δr = nαδx
α
o and ∆x
α
⊥ = δx
α
⊥o 6= 0.
With r¯z = 0 in the limit z = 0, the angular distortion (δθ, δφ) is not defined at the observer position.
4 Standard Weak Lensing Formalism and Its Gauge Issues
We have derived the source position in a given FRW coordinate by solving the full geodesic equation
at the linear order in perturbations, including the vector and the tensor type perturbations. Here we
briefly review the standard weak lensing formalism and follow the lensing formalism with the fully
relativistic solution ∆xµs in Sec. 3 to derive the expression for the gravitational lensing convergence κ,
the shear γ, and the rotation ω.7 We demonstrate that the standard weak lensing formalism is built
upon the unobservable (coordinate-dependent) source position xµs and hence it has a limitation in its
relativistic generalization, which will be resolved in Sec. 5.
7While the notation for the photon angular frequency is the same, we keep the standard notation ω for the rotation,
because they are unlikely to be confused in our discussion.
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4.1 Short review of the standard weak lensing formalism
In classical mechanics, the gravitational interaction due to a point mass M provides a perturbation
along the transverse direction to a test particle moving with the relative speed vrel:
∆v⊥ =
2GM
b vrel
, (4.1)
where G is the Newton’s constant and b is the transverse separation (or the impact parameter). The
prediction for the light deflection angle αˆ in Einstein’s general relativity is well-known to follow the
same result in classical mechanics, but with additional factor two:
αˆ =
4GM
b c2
= 8.155× 10−3 arcsec
(
M
M
)(
b
AU
)−1
. (4.2)
This light deflection due to a point mass can be generalized to derive the standard weak lensing
formalism by considering the gravitational potential fluctuation ψ = −GM/r due to a point mass
(this indeed corresponds to the metric fluctuation α in Eq. (A.3)). The lensing potential Φ is the line-
of-sight integration of the metric fluctuation, and its angular derivative gives the relation between
the source angular position sˆ and the observed position nˆ, so called, the lens equation (see, e.g.,
[6, 48–50] for general reviews)
sˆ = nˆ− ∇ˆΦ , Φ =
∫ r¯s
0
dr¯
(
r¯s − r¯
r¯sr¯
)
2ψ , (4.3)
where ∇ˆ is the angular gradient. Since the observed source position is nˆ = (θ, φ) in a spherical
coordinate, the deflection angle in the standard lensing formalism would naturally correspond to the
angular distortion of the source position:
∇ˆΦ 7→ − (δθ, δφ) . (4.4)
Using the lens equation, the distortion matrix D (or sometimes called the amplification matrix)
is defined as
Dij ≡ ∂si
∂nj
= Iij −
(
Φ11 Φ12
Φ21 Φ22
)
, Φij ≡ ∇ˆj∇ˆiΦ , (4.5)
where I is the two-dimensional identity matrix and we defined a short hand notation for the angular
derivatives of the lensing potential. The distortion matrix is conventionally decomposed into the
trace, the traceless symmetric and the anti-symmetric matrices:
D ≡ I−
(
κ 0
0 κ
)
−
(
γ1 γ2
γ2 −γ1
)
−
(
0 ω
−ω 0
)
, det D = (1− κ)2 − γ2 + ω2 , (4.6)
where the trace is the gravitational lensing convergence κ and the symmetric traceless part is the
lensing shear γ =
√
γ21 + γ
2
2 :
κ = 1− 1
2
Tr D =
1
2
(Φ11 + Φ22) , ω =
D21 − D12
2
= 0 , (4.7)
γ1 =
D22 − D11
2
=
1
2
(Φ11 − Φ22) , γ2 = −D12 + D21
2
= Φ12 = Φ21 . (4.8)
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Since the distortion matrix in Eq. (4.5) is symmetric, the rotation ω vanishes in the standard formalism
at all orders.
While the distortion matrix is defined in terms of angles, it is often assumed in literature that the
line-of-sight direction is along z-axis (nˆ//zˆ, i.e., θ = 0), and two angles are aligned with x-y plane.8
In such a setting, consider two small angular vectors at the source position subtended respectively
by dθ and dφ at the observer position
∆sdθi = Di1dθ , ∆s
dφ
i = Di2dφ . (4.9)
The solid angle at the source subtended by these two angular vectors is then related to the solid angle
at the observer as
dΩs =
∣∣∣∆sdθ ×∆sdφ∣∣∣ = det D dθdφ = det D dΩo , (4.10)
and hence the gravitational lensing magnification µ is then
µ−1 ≡ dΩs
dΩo
= det D . (4.11)
For this reason, the distortion matrix is often called the inverse magnification matrix. Using the
Poisson equation in cosmology,
∇2ψ = 4piGρ¯a2δm = 3H
2
o
2
Ωm
δm
a
, (4.12)
the gravitational lensing convergence can be computed in terms of the matter density fluctuation δm
in the comoving gauge as
κ =
∫ r¯s
0
dr¯
(r¯s − r¯) r¯
r¯s
∇2⊥ψ =
3H2o
2
Ωm
∫ r¯s
0
dr¯
(r¯s − r¯) r¯
r¯s
δm
a
, (4.13)
where we used
∇2 = ∇2⊥ +
∂2
∂r¯2
+
2
r¯
∂
∂r¯
, (4.14)
and ignored the boundary terms.
The standard lensing formalism is based on the lens equation and the lensing potential in
Eq. (4.3). However, the source angular position sˆ = (θ + δθ, φ + δφ) is gauge-dependent, and
the lensing potential that is responsible for the angular distortion (δθ, δφ) is ill-defined. Indeed, we
already know that 2ψ in Eq. (4.3) should be (αχ−ϕχ) to match the leading terms for δθ in Eq. (3.46)
and the Poisson equation in Eq. (4.12) is indeed an Einstein equation with ψ there replaced by−ϕχ.9
Furthermore, there exist no contributions from the vector and the tensor perturbations in the standard
lensing formalism. Finally, while the derivations in this subsection assume no linearity, all formulas
of the standard lensing formalism turn out to be valid only at the linear order in perturbations.
8Note that in the standard formalism there is no distinction between the FRW coordinate and the (internal) observer
coordinate.
9Additional condition of a vanishing anisotropic pressure is needed to guarantee αχ = −ϕχ and hence the consistency
in the lensing equation.
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4.2 Relativistic generalization of the standard weak lensing formalism
Despite the issues listed in Sec. 4.1, the standard lensing formalism can be readily generalized and be
put in the general relativistic framework. Gravitational lensing exclusively deals with the distortion
in the source angular position sˆ = (θ + δθ, φ + δφ), compared to the observed angular position
nˆ = (θ, φ). So we can generalize the standard lensing formalism by replacing the deflection angle
−∇ˆΦ due to the lensing potential by the angular distortion (δθ, δφ) with all the relativistic effects
taken into account. However, already apparent in the calculations in Sec. 3, the source position xµs
is unobservable and gauge-dependent. Derived based on the unobservable quantities, the distortion
matrix and the lensing observables in the generalized lensing formalism will be gauge-dependent.
Here we prove this by explicitly computing the distortion matrix and the lensing observables with the
angular distortion (δθ, δφ) in Eq. (3.46).
First, let us consider the “generalized” lens equation
si = ni + δθ θi + sin θ δφ φi . (4.15)
Since all the relativistic effects are accounted for in the distortion of the source position, this lens
equation is indeed a generalization of the lens equation (4.3). However, as shown in Eq. (3.48), the
source angular position gauge-transforms as
s˜i = si +
1
r¯z
(
θαLαs θi + φαLαs φi
)
. (4.16)
Despite this incompleteness, we proceed with this simple relativistic generalization for now. Con-
sider an extended source in the sky that appears subtended by an infinitesimal size (dθ, dφ) in angle
centered at the observed angle (θ, φ). Since the angular position of the source is sˆ = (θ+δθ, φ+δφ)
in a spherical coordinate, the infinitesimal size of the source is then
dsi = θi
[
dθ +
(
dθ
∂
∂θ
+ dφ
∂
∂φ
)
δθ − dφ cos θ sin θ δφ
]
+φi
[
sin θ dφ
(
1 + cot θ δθ +
∂
∂φ
δφ
)
+ dθ
∂
∂θ
(sin θ δφ)
]
, (4.17)
where we computed the variation of the source position and ignored the variation along the radial
direction ni. Note that these angular sizes (dθ, dφ) should not be confused with the angular distor-
tion (δθ, δφ). Expressing the angular extent of the source along the observed angular directions θi
and φi, the distortion matrix can be derived as(
dsθ
sin θ dsφ
)
=
(
1 + ∂∂θδθ
1
sin θ
∂
∂φδθ − cos θ δφ
cos θ δφ+ sin θ ∂∂θδφ 1 + cot θ δθ +
∂
∂φδφ
)(
dθ
sin θ dφ
)
≡
(
D11 D12
D21 D22
)(
dθ
sin θdφ
)
. (4.18)
In this way, we generalized the standard weak lensing formalism by using the angular distortion
(δθ, δφ) computed from the geodesic equation. The distortion matrix computed in Eq. (4.18) is
exact for an infinitesimal size of the source, provided that the angular distortion (δθ, δφ) is also
exact (computed at all orders in perturbations). However, we defined the angular extent (dsθ, dsφ) of
the source along the observed angular directions, rather than the angular directions set by the source
position si = (θ+δθ, φ+δφ), i.e., the left-hand side of Eq. (4.18) should be (dsθ, sin sθ dsφ). This is
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indeed the ambiguity in the standard weak lensing formalism, and we show that the distortion matrix
defined this way reproduces the standard results for the convergence and the shear. However, it is
clear that the distortion matrix is not physically well-defined in the standard weak lensing formalism.
Given the distortion matrix in Eq. (4.18) and the angular distortion (δθ, δφ) in Eq. (3.46), it is
straightforward to compute the lensing observables. First, the gravitational lensing convergence is
−2κ ≡ −2
(
1− 1
2
Tr D
)
=
(
cot θ +
∂
∂θ
)
δθ +
∂
∂φ
δφ (4.19)
= (2V‖ − 3C‖)o +
∫ r¯z
0
dr¯
r¯
(
2nα − ∇ˆα
)(
Ψα + 2Cαβ n
β
)
− 2nα
r¯z
(Gα + δxα)o +
2nαGα
r¯z
−
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)
∇ˆ2 (αχ − ϕχ −Ψ‖ − C‖)− 1r¯z ∇ˆαGα ,
where all the terms are arranged in terms of gauge-invariant variables except two terms multiplied
with Gα, such that the gravitational lensing convergence gauge-transforms as
κ˜ = κ+
nαLα
r¯z
− 1
2r¯z
∇ˆαLα . (4.20)
There exist typos for the expression κ in [38], in addition to the spatial shift δxαo of the observer
position. The absence of the rotation Ωio in Eq. (4.19) represents that the gravitational lensing con-
vergence is independent of rotation of the local tetrad basis. This is indeed true for the rotation along
the line-of-sight direction, but not for the other directions beyond the linear order in perturbations.
Most works on weak lensing in literature consider only the scalar contribution and adopts the
conformal Newtonian gauge, in which Gα ≡ 0. While there exist the vector and the tensor con-
tributions to κ, one can safely assume that the initial conditions are devoid of any vector or tensor
contributions at the linear order in perturbations. Under such assumptions, the gravitational lensing
convergence is
− 2κcN = 2V‖o −
2nαδx
α
o
r¯z
−
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)
∇ˆ2 (αχ − ϕχ) . (4.21)
The first term is the velocity contribution at the observer, and the second term is the contribution
due to the coordinate shift of the observer position. These two contributions are often missing in
literature. While the first term is sometimes considered in the calculations (e.g., [40]), the second
contribution was never considered in literature. Since the conformal Newtonian gauge leaves no
gauge freedom, the expression of κcN is gauge-invariant.10 However, as expected in Eq. (4.19), the
lensing convergence κ (or κcN) is not the correct lensing observable we measure in surveys.
The next lensing observable is the gravitational lensing shear, or the traceless symmetric part
of the distortion matrix. According to the decomposition of the distortion matrix in Eq. (4.6), two
independent shear components can be computed as
2γ1 ≡ D22 − D11 =
(
cot θ − ∂
∂θ
)
δθ +
∂
∂φ
δφ (4.22)
=
(
φαφβ − θαθβ
)[
(Cαβ)o − Gα,β −
∫ r¯z
0
dr¯
∂
∂xβ
(Ψα + 2Cαγn
γ)
]
+
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)[(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)(
αχ − ϕχ −Ψ‖ − C‖
)
,
10Note that the gauge-invariance is not a sufficient condition for an observable quantity. One can choose the comoving
gauge condition and compute the lensing convergence κcom. The expression of κcom is again gauge-invariant, but the
numerical values are different, i.e., κcN 6= κcom.
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and
−2γ2 ≡ D12 + D21 = sin θ ∂
∂θ
δφ+
1
sin θ
∂
∂φ
δθ (4.23)
=
(
θαφβ + θβφα
)[
(Cαβ)o − Gα,β −
∫ r¯z
0
dr¯
∂
∂xβ
(Ψα + 2Cαγn
γ)
]
+
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)[
− 2
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)(
αχ − ϕχ −Ψ‖ − C‖
)
.
The expressions for the gravitational lensing shear are more complicated due to their rotational prop-
erties. Since the shear components γ1 and γ2 are confined to a two-dimensional plane perpendicular
to the line-of-sight direction, they transform under rotation around the line-of-sight direction, but the
shear components are invariant under 180 degree rotation. This implies that they can be expressed in
terms of the spin ±2 objects ±2γ as
±2γ ≡ γ1 ± iγ2 , 2γ1 = +2γ + −2γ , 2iγ2 = +2γ − −2γ , (4.24)
where a function sf(θ, φ) with spin s transforms under a clock-wise rotation of axes by Ξ as (see,
e.g., [51–54])
s˜f(θ, φ) = e
−isΞ
sf(θ, φ) . (4.25)
Using the basis vectors mi± with spin ∓1 under rotation that describe objects with spin ±1
mi± =
1√
2
(
θi ∓ iφi) , 0 = mi+mi+ = mi−mi− , 1 = mi+mi− , (4.26)
we can construct the basis matrices with spin ∓2
mi±m
j
± =
1
2
[
θiθj − φiφj ∓ i (θiφj + θjφi)] , (4.27)
and their variants
mi±m
j
±∂j =
1
2r¯
(
θi
∂
∂θ
− φ
i
sin θ
∂
∂φ
)
∓ i
2r¯
(
θi
sin θ
∂
∂φ
+ φi
∂
∂θ
)
, (4.28)
mi±m
j
±∂i∂j =
1
2r¯2
(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
∓ i
r¯2 sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
, (4.29)
where we used the internal indices for their expressions, as they are defined in the observer rest-
frame. However, as in Eq. (3.13), we will project the internal indices into a FRW coordinate with the
background relation δαi . The spin ±2 shear components ±2γ can then be expressed as
±2γ ≡ mα∓mβ∓γαβ , γαβ = +2γ mα+mβ+ + −2γ mα−mβ− = ±2γ mα±mβ± , (4.30)
where the shear matrix is [40]
γαβ = − (Cαβ)o + Gα,β −
∫ r¯z
0
dr¯
(
∂
∂xβ
)
(Ψα + 2Cαγn
γ) (4.31)
+
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)[
r¯2
(
∂2
∂xα∂xβ
)(
αχ − ϕχ −Ψ‖ − C‖
)]
.
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It is apparent that the shear matrix γαβ (or the shear components γ1, γ2) is gauge-dependent, and they
transform as
γ˜αβ = γαβ + Lα,β , 2γ˜1 = 2γ1 + Lφ,φ − Lθ,θ , −2γ˜2 = −2γ2 + Lθ,φ + Lφ,θ . (4.32)
The shear matrix is independent of the rotation Ωio, because it only contributes to the second-order
shear matrix. The expression for the shear matrix in Eq. (4.31) is again incomplete and gauge-
dependent. However, when the conformal Newtonian gauge is adopted and only the scalar perturba-
tions are considered, this expression corresponds to the correct expression γˆαβ in Eq. (5.46). How-
ever, when the tensor modes are considered, the shear matrix γαβ contains the tensor contribution at
the observer, but not at the source position. This missing contribution is called the FNC term [55]
(in relation to the metric shear [56]), and the absence of the FNC term at the source position also
indicates that Eq. (4.31) is incomplete.
One remaining component of the lensing observables is the rotation ω. The anti-symmetric part
of the distortion matrix in Eq. (4.18) can be obtained in a similar way as
2ω ≡ D21 − D12 = sin θ ∂
∂θ
δφ− 1
sin θ
∂
∂φ
δθ + 2 cos θ δφ (4.33)
= 2Ωno +
∫ r¯z
0
dr¯
1
r¯
(
θα
sin θ
∂
∂φ
− φα ∂
∂θ
)(
Ψα + 2Cαβ n
β
)
+ Gθ,φ − Gφ,θ
= 2Ωno −
∫ r¯z
0
dr¯ n · ∇ ×
(
Ψα + 2Cα‖
)
− n · ∇ × G .
The rotation naturally changes in proportion to Ωno , or the rotation of the local tetrad basis along
the line-of-sight direction. In fact, the physical rotation should be against the local tetrad basis,
absorbing the rotation Ωno of the local basis. The expression for the rotation is gauge-dependent due
to the presence of Gα, and it transforms as
2ω˜ = 2ω + n · ∇ ×L . (4.34)
Furthermore, the rotation is non-vanishing in the presence of the vector and the tensor perturbations,
while it vanishes in their absence. This is also known as the Skrotsky effect [57] or the gravitational
Faraday effect. However, this contribution to the rotation along the line-of-sight is artificial, arising
from the rotation of the tetrad basis against the global coordinate. Indeed the tetrad basis vectors
are parallel transported along the geodesic, and hence its contribution to the rotation vanishes, as the
lensing images are always compared against the local tetrad basis. We come back to this issue in
Sec. 5.2.
5 Gauge-Invariant Formalism of Weak Lensing
Here we present the full gauge-invariant formalism of cosmological weak lensing and resolve the
issues associated with the lensing rotation.
5.1 Geometric approach to weak lensing
In Sec. 3 we have derived the source position xµs in a FRW coordinate, given the observed redshift z
and the angular position ni in the rest-frame of the observer. The source position is different from
the inferred position x¯µz , and this difference is geometrically decomposed as the radial distortion δr,
the angular distortion (δθ, δφ), and the time distortion ∆ηs of the source position. Here we extend
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the standard weak lensing formalism by applying the geometric approach and checking the gauge-
invariance of the lensing observables.
In order to develop a gauge-invariant formalism of weak lensing, we need to separate observable
quantities and unobservable quantities in weak lensing. The first and the foremost is the source
angular position si that is not observable. While we measure the source position ni in the rest-frame,
the source position xµs is constructed in a FRW coordinate by tracing the photon path backward in
time, and its geometric deviations from the inferred position are gauge-dependent as derived in Sec. 3.
So the source angular position in a FRW coordinate can be legitimately expressed as
sα = nα + δθ θα + sin θ δφ φα , (5.1)
but it is not observable as implied in Eq. (4.15). Indeed, the coordinate transformation in Eq. (A.4)
induces the gauge-transformation
s˜α = sα +
θβLβs
r¯z
θα +
φβLβs
r¯z
φα . (5.2)
Consider again an extended source in the sky of the observer that appears subtended by an infinitesi-
mal angular size (dθ, dφ) as in Sec. 4. The angular size of the source in a FRW coordinate is then
dsα = θα
[
dθ +
(
dθ
∂
∂θ
+ dφ
∂
∂φ
)
δθ − dφ cos θ sin θ δφ
]
(5.3)
+φα
[
sin θ dφ
(
1 + cot θ δθ +
∂
∂φ
δφ
)
+ dθ
∂
∂θ
(sin θ δφ)
]
− nα [δθ dθ + sin2 θ δφ dφ] .
Compared to Eq. (4.17), we notice the presence of the additional term along the line-of-sight. Fur-
thermore, the source position in a FRW coordinate is indeed specified in terms of its four-dimensional
position:
ηs = η¯z + ∆ηs , x
α
s = x¯
α
z + δr n
α + ∆xα⊥ = r¯zs
α + δr nα , (5.4)
Therefore, the source size in a FRW coordinate that would appear subtended by angular size (dθ, dφ)
at the fixed observed redshift z is then
dxαs = r¯z ds
α + d (δr)nα + δr dnα ≡ r¯z (dnα + ∆sα) , (5.5)
where the first term represents the source size in the absence of any perturbations and the second term
with ∆sα is defined to capture any deviations due to the perturbations
∆sα = (dsα − dnα) + d (δr)
r¯z
nα +
δr
r¯z
dnα = θα
[
dθ
(
∂
∂θ
δθ +
δr
r¯z
)
+ sin θ dφ
(
1
sin θ
∂
∂φ
δθ − cos θ δφ
)]
+φα
[
sin θ dφ
(
cot θ δθ +
∂
∂φ
δφ+
δr
r¯z
)
+ dθ
∂
∂θ
(sin θ δφ)
]
−nα
[
dθ
(
δθ − 1
r¯z
∂
∂θ
δr
)
+ sin θ dφ
(
sin θ δφ− 1
r¯z sin θ
∂
∂φ
δr
)]
. (5.6)
We will not need to consider the variation in the time coordinate ∆ηs at the linear order. Compared
to Eq. (4.17), the radial distortion δr also contributes to the source size ∆sα in a FRW coordinate.
As we further proceed, it will become clear that the radial component in proportion to nα will be
projected out, so that ignoring this part in Eq. (4.17) causes no systematic errors at the linear order
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in perturbations. However, note the presence of the radial distortion δr in proportion to θα and φα,
compared to Eq. (4.17).
In Section 2, we set up the tetrad basis at the observer position to relate the local observables
to the photon wavevector kµ in a FRW coordinate. By solving the geodesic equation in Section 3,
the photon wavevector is traced back to the source position. To properly relate the source size dxµs
in a FRW coordinate to the physical size dxis of the source in its rest-frame, we need to construct
the tetrad basis in the source rest-frame. The expressions for the tetrad basis vectors at the source
position are almost identical to those at the observer position in Eqs. (2.4) and (2.13), except the fact
that all the quantities are evaluated at the source position and the velocity vector Uα represents the
velocity of the source. Finally, we need to define a two-dimensional plane in the rest-frame of the
source, perpendicular to the light propagation. A small area in this plane such as a circle or an ellipse
will appear distorted at the observer, and its observed shape compared to that in the source rest-frame
will determine the physical lensing observables such as the magnification (convergence), the shear,
and the rotation that we can measure
First, the photon propagation direction measured by the source would be expressed in a FRW
coordinate as
nµs = −
kµ
ω
+ uµ ' 1
a
(0, nα) +
1
a
[
nβ(U − B)β, ∆nα
]
s
+O(2) , (5.7)
where we defined the perturbation to the photon propagation at the source position
∆nαs ≡ δnαs + Uαs − ∆̂νs nα . (5.8)
By using Eqs. (3.9), (3.29), (3.31), we can explicitly derive the perturbation as
∆nαs =
(
−V α⊥ + Cαβ nβ − C‖nα − αijniΩj
)
o
− (Hχ+ ϕχ − C‖)nα + (V α⊥ − 2Cαβ nβ − Gα,βnβ)
+
∫ r¯z
0
dr¯
1
r¯
[
−∇ˆα (αχ − ϕχ) + nβ∇ˆαΨβ + nβnγ∇ˆαCβγ
]
. (5.9)
Again, the photon wavevector kµ at the source position is fully determined (up to Ωio) given the
observation at the observer position. Once the source velocity is specified as an “observer” (in fact,
an “emitter”), the photon propagation direction nµs (or ∆nαs ) measured by this observer is then fully
determined, as indicated above.
Next, this photon propagation direction nµs in a FRW coordinate needs to be projected into the
rest-frame of the source to define a two-dimensional area perpendicular to the light propagation. In
the source rest-frame, the “observed angle nis” measured by an “observer” at the source position is
then
nis = gµνe
µ
i n
ν
s ' gαβeαi nβ +O(2) = ni + 2Cαβnβδαi + ∆nαδiα + nαδeαj δji (5.10)
= ni +
[
V i⊥ + C‖n
i − Ciαnα − ijknjΩk
]s
o
+
∫ r¯z
0
dr¯
1
r¯
[
−∇ˆi (αχ − ϕχ) + nα∇ˆiΨα + nαnβ∇ˆiCαβ
]
,
where the integration represents the perturbation contribution of the photon propagation along the
line-of-sight, the terms at the source and the observer positions are due to the misalignment of their
rest-frames and FRW coordinates, and the expression is fully gauge-invariant. This equation is indeed
the correct lens equation, which generalizes over Eqs. (4.3) and (4.15).
The observed angle nis at the source (or the emission angle) in the rest-frame is identical to
the observed angle ni at the observer position in the background due to the construction of our local
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tetrad basis. Even in the absence of any perturbations, these two angles can be different, simply by
setting up the local coordinates differently. In perturbation theory, all these differences are, however,
shifted to the perturbations, while the background remains unaffected, and indeed the difference in
the observed angles is proportional to the difference in rotation of the local tetrad bases at the source
and the observer positions:
nis − ni 3 −ijknj
(
Ωks − Ωko
)
= θi
(
Ωφs − Ωφo
)
− φi
(
Ωθs − Ωθo
)
. (5.11)
At the moment, the rotations Ωi of the local tetrad bases at both positions are undetermined. By
parameterizing the source angle with perturbations (∆θ,∆φ) in the source rest-frame as
nis ≡ (θs, φs) , θs ≡ θ + ∆θ , φs ≡ φ+ ∆φ , (5.12)
we can express the light propagation direction in the source rest-frame
nis = n
i + θi∆θ + φi sin θ ∆φ , (5.13)
and set up two orthonormal bases θis and φ
i
s that are perpendicular to the propagation direction and
form an orthonormal basis
θis = −ni∆θ + θi + φi cos θ ∆φ ≡ θi + ∆θis , (5.14)
φis = −ni sin θ ∆φ− θi cos θ ∆φ+ φi ≡ φi + ∆φis , (5.15)
where we defined the perturbation vectors ∆θis and ∆φ
i
s for the notational simplicity and note that
(θ, φ) in Eq. (5.12) is the same observed angle at the observer position. Given the explicit expression
for nis in Eq. (5.10), we can compute the perturbations to the source angle (θs, φs) as
∆θ = θi
[
V i⊥ − Ciαnα − ijknjΩk
]s
o
− θi
∫ r¯z
0
dr¯
[
(αχ − ϕχ),i −Ψα,inα − Cαβ,inαnβ
]
(5.16)
= θi
[
V i⊥ − Ciαnα − ijknjΩk
]s
o
− θi
∫ r¯z
0
dr¯
(
αχ − ϕχ −Ψ‖ − C‖
),i − ∫ r¯z
0
dr¯
r¯
θi
(
Ψi + 2 Ci‖
)
,
and the expression for sin θ ∆φ is equivalent with θi replaced by φi. These perturbations in angle are
gauge-invariant, and they contain the rotation of the local tetrad bases
∆θ 3 −ijkθinj
(
Ωks − Ωko
)
= Ωφs−Ωφo , sin θ∆φ 3 −ijkφinj
(
Ωks − Ωko
)
= −Ωθs+Ωθo .
(5.17)
Having obtained two orthonormal basis vectors, we are in a position to compute the physical size
in the source rest-frame that is expressed as dxµs in a FRW coordinate and would be measured at the
observer position with angular size (dθ, dφ). In reality, the source position would be measured as the
observed angle (θ, φ) at the observed redshift z, and the physical size of a standard ruler in the source
rest-frame would be subtended by its angular size (dθ, dφ), as opposed to our reverse construction of
the standard ruler. So by measuring the angular size with prior knowledge of the standard ruler, we
can construct the lensing observables, and compared to the standard lensing formalism, the lensing
observables obtained this way are physically well-defined. The source size dxµs in a FRW coordinate
can be projected into the rest-frame along the two orthogonal directions in the plane perpendicular to
the light propagation direction:
dLθs = gµνe
µ
i dx
ν
sθ
i
s ' gαβeαi θidxβs +O(2) = asr¯z
[
dθ + θα∆s
α + 2Cαβθαdnβ + dnα
(
∆θαs + δe
α
i θ
i
)]
,
dLφs = gµνe
µ
i dx
ν
sφ
i
s = asr¯z
[
sin θ dφ+ φα∆s
α + 2Cαβφαdnβ + dnα
(
∆φαs + δe
α
i φ
i
)]
, (5.18)
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where we used dxηs = d(∆ηs) = O(1). The perturbations in the light propagation are captured
by ∆sα, and their contributions to the physical sizes in the rest-frame are from Eq. (5.6)
θα∆s
α = dθ
(
∂
∂θ
δθ +
δr
r¯z
)
+ sin θ dφ
(
1
sin θ
∂
∂φ
δθ − cos θ δφ
)
, (5.19)
φα∆s
α = sin θ dφ
(
cot θ δθ +
∂
∂φ
δφ+
δr
r¯z
)
+ dθ
∂
∂θ
(sin θ δφ) . (5.20)
The changes in the observed angles at the source position due to the distortion of the local frame
contribute to the physical sizes
dnα
(
∆θαs + δe
α
i θ
i
)
= dθ δeθθ + sin θ dφ
(
δeφθ + cos θ ∆φ
)
, (5.21)
dnα
(
∆φαs + δe
α
i φ
i
)
= dθ
(
δeθφ − cos θ ∆φ
)
+ sin θ dφ δeφφ , (5.22)
where we used the short-hand notation δeθφ ≡ θαδeαj φj for instance. Putting it altogether, the physical
sizes in Eq. (5.18) can be simplified as
dLθs
asr¯z
= dθ
(
1 +
δr
r¯z
+
∂
∂θ
δθ + Cθθ
)
+ sin θ dφ
(
1
sin θ
∂
∂φ
δθ − cos θ δφ+ 2 Cθφ + δeφθ + cos θ ∆φ
)
,
dLφs
asr¯z
= dθ
[
∂
∂θ
(sin θ δφ) + 2 Cθφ + δeθφ − cos θ ∆φ
]
+ sin θ dφ
(
1 +
δr
r¯z
+ cot θ δθ +
∂
∂φ
δφ+ Cφφ
)
, (5.23)
where we used the same short-hand notation for Cαβ and noted that δeθθ = −Cθθ and δeφφ = −Cφφ.
Noting that the angular diameter distance in the background is D¯A = az r¯z and the scale factor as at
the source is related to the perturbation δz in the observed redshift
as =
1 + δz
1 + z
= az (1 + δz) , (5.24)
we can define the distortion matrix Dˆ (with hat) as(
dLθs
dLφs
)
≡ D¯A
(
Dˆ11 Dˆ12
Dˆ21 Dˆ22
)(
dθ
sin θ dφ
)
, (5.25)
and the elements of the matrix can be read off as
Dˆ11 =
(
1 +
∂
∂θ
δθ
)
+ δz +
δr
r¯z
+ Cθθ , (5.26)
Dˆ22 =
(
1 + cot θ δθ +
∂
∂φ
δφ
)
+ δz +
δr
r¯z
+ Cφφ , (5.27)
Dˆ12 =
(
1
sin θ
∂
∂φ
δθ − cos θ δφ
)
+ 2 Cθφ + δeφθ + cos θ ∆φ , (5.28)
Dˆ21 =
(
cos θ + sin θ
∂
∂θ
)
δφ+ 2Cθφ + δeθφ − cos θ ∆φ , (5.29)
where the elements of the distortion matrix D (without hat) in Eq. (4.18) are put in the parenthesis
to facilitate the comparison. There exist notable differences in Eq. (5.25) that are physically unam-
biguous, when compared to the distortion matrix D: The source position in the sky appears to the
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observer as the observed angle (θ, φ) at the observed distance D¯A(z) (or at the observed redshift z).
Given the knowledge of the physical sizes and the orientation (dLθs , dLφs) of a standard ruler, their
“observed angular size” (dsθ, dsφ) in the absence of perturbations would be(
dLθs
dLφs
)
≡ D¯A
(
dsθ
sin θ dsφ
)
, (5.30)
and hence the distortion matrix defined above is indeed the lensing distortion matrix, providing the
relation between the angular sizes at the source and at the observer:(
dsθ
sin θ dsφ
)
=
(
Dˆ11 Dˆ12
Dˆ21 Dˆ22
)(
dθ
sin θ dφ
)
. (5.31)
Note that their observed angular position is (θ, φ), not (θ + δθ, φ + δφ), naturally resolving the
ambiguity in Eq. (4.18).
To ensure these expressions are correct and physically well-defined, we explicitly verify the
gauge-invariance of the distortion matrix. Any physically well-defined quantities should be gauge-
invariant at the linear order [41]. For a general coordinate transformation in Eq. (A.4), we already
derived in Sec. 3 how the geometric distortions (δr, δθ, δφ) of the source position transform. Given
that ∆φ in Eq. (5.16) is gauge-invariant, it is relatively straightforward to show that each compo-
nent of the distortion matrix Dˆ is indeed gauge-invariant, by using how the remaining components
transform
Cαβ = (ϕχ +Hχ) δαβ + Gα,β + C(v)[β,α] + Cαβ 7→ C˜αβ = Cαβ −HTδαβ − Lα,β − L
(v)
[β,α] ,
−δeαi = (ϕχ +Hχ) δαi + Gα,i + Cαi + αijΩj 7→ − δ˜eαi = −δeαi −HTδαi − Lα,i . (5.32)
Having verified the gauge-invariance of the distortion matrix, we will decompose the distortion
matrix and derive the lensing observables. First, we consider the convergence of the distortion matrix.
Consider two physical separation vectors dLidθ and dL
i
dφ in the source rest-frame that would appear
to the observer subtended by dθ and dφ, respectively. Using the distortion matrix in Eq. (5.25), we
can derive these two separation vectors in the source rest-frame:
dLidθ = D¯A
(
Dˆ11θis + Dˆ21φis
)
dθ = D¯A
(
dsdθθ θ
i
s + sin θ ds
dθ
φ φ
i
s
)
, (5.33)
dLidφ = D¯A
(
Dˆ12θis + Dˆ22φis
)
sin θ dφ = D¯A
(
dsdφθ θ
i
s + sin θ ds
dφ
φ φ
i
s
)
. (5.34)
Note that we have two separation vectors and two angular vectors in the source rest-frame. The
physical area dA spanned by these two separation vectors in the source rest-frame is
dAs = 
ijknis dL
j
dθ dL
k
dφ = D¯
2
A det Dˆ dΩo , dΩo = sin θdθdφ , (5.35)
where the relation is non-perturbative, given the distortion matrix. This relation is indeed the defini-
tion for the angular diameter distance DA:
dAs ≡ D2A dΩo , DA ≡ D¯A (1 + δD) , det Dˆ = (1 + δD)2 , (5.36)
where δD is the fluctuation in the angular diameter distance.11 By expressing the physical area in
terms of the observed angles in the absence of perturbations (or the source angles),
dAs = 
ijknis dL
j
θs
dLkφs = D¯
2
A dΩs , dΩs = sin θ
(
dsdθθ ds
dφ
φ − dsdφθ dsdθφ
)
, (5.37)
11The fluctuation δD in the angular diameter distance is identical to the fluctuation in the luminosity distance, because
the luminosity distance is DL = (1 + z)2DA.
27
the determinant of the distortion matrix is indeed related to the observed magnification µ as
det Dˆ =
dΩs
dΩo
= µ−1 . (5.38)
At the linear order in perturbations, the determinant of the distortion matrix is(
det Dˆ
)1/2 ' 1 + δz + δr
r¯z
− κ+ 1
2
PαβCαβ +O(2) = 1 + δD , (5.39)
where the convergence κ in the standard lensing formalism is given in Eq. (4.19) and we used
PαβCαβ = Cθθ + Cφφ = Cαα − C‖ = 2 (ϕχ +Hχ)− C‖ −
1
r¯z
∇ˆαGα . (5.40)
The convergence κˆ (with hat) of the distortion matrix Dˆ is then
κˆ ≡ 1− 1
2
Tr Dˆ ' 1−
(
det Dˆ
)1/2
+O(2) = −δD . (5.41)
Therefore, the diagonal component κˆ (with hat) of the lensing observables is related to the physi-
cal magnification (or the luminosity distance), and it is indeed gauge-invariant, as opposed to the
gauge-dependent convergence κ (without hat) in Eq. (4.19). The expression is independent of the
rotations Ωi at the source and the observer positions, because it only involves the ratio of the physical
and the inferred areas. The detailed properties of the gauge-invariant luminosity distance fluctuation
are studied in [46, 47].
Next, we compute the gravitational lensing shear of the distortion matrix Dˆ. Two components
of the lensing shear can be readily read off from the distortion matrix as
2γˆ1 ≡ Dˆ22 − Dˆ11 =
(
cot θ δθ +
∂
∂φ
δφ− ∂
∂θ
δθ
)
+ Cφφ − Cθθ , (5.42)
−2γˆ2 ≡ Dˆ12 + Dˆ21 =
(
1
sin θ
∂
∂φ
δθ + sin θ
∂
∂θ
δφ
)
+ δeφθ + δe
θ
φ + 4 Cθφ , (5.43)
where the shear components γ1 and γ2 in Eqs. (4.22) and (4.23) are shown in the parenthesis. The
additional contributions in the shear components γˆ1 and γˆ2 arise due to the change of a FRW frame
to the source rest-frame:
2γˆ1 3 Cφφ − Cθθ =
(
φαφβ − θαθβ
)
(Cαβ + Gα,β) , (5.44)
−2γˆ2 3 δeφθ + δeθφ + 4 Cθφ =
(
θαφβ + φαθβ
)
(Cαβ + Gα,β) , (5.45)
which exactly cancel the gauge-dependent terms in γ1 and γ2 and add the tensor contribution Cαβ at
the source position (or the FNC term at the source [55]). In the same way in Sec. 4, we can construct
the spin ±2 shear components ±2γˆ = γˆ1 ± iγˆ2 and derive the shear matrix
γˆαβ = − (Cαβo + Cαβ)−
∫ r¯z
0
dr¯
(
∂
∂xβ
)
(Ψα + 2Cαγn
γ) (5.46)
+
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)[
r¯2
(
∂2
∂xα∂xβ
)(
αχ − ϕχ −Ψ‖ − C‖
)]
.
Compared to Eq. (4.31), the shear matrix γˆαβ (with hat) is gauge-invariant, and there exist additional
tensor contribution at the source position, or the FNC term [55]. This contribution arises because
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the physical length is defined in the source rest-frame, not in the FRW frame. Indeed, its presence is
necessary to prevent the infrared-divergences of the shear matrix (see Sec. 6.1).
Finally, we derive the last remaining lensing observable of the distortion matrix Dˆ, or the rota-
tion (with hat)
2ωˆ = Dˆ21 − Dˆ12 =
(
sin θ
∂
∂θ
δφ− 1
sin θ
∂
∂φ
δθ + 2 cos θ δφ
)
+ δeθφ − δeφθ − 2 cos θ ∆φ
= 2 (Ωno − Ωns )− 2 cos θ ∆φ−
∫ r¯z
0
dr¯ n · ∇ ×
(
Ψα + 2Cα‖
)
, (5.47)
where the rotation ω (without hat) from D in Eq. (4.33) is shown in the parenthesis. The additional
contribution to the rotation ωˆ from the frame change is
2ωˆ 3 δeθφ − δeφθ − 2 cos θ ∆φ = − (Gθ,φ − Gφ,θ)− 2Ωns − 2 cos θ ∆φ , (5.48)
which cancels the gauge-dependent part in ω (without hat). Compared to Eq. (4.33), the rotation ωˆ has
extra terms that involves the rotation at the source position, i.e., Ωns and ∆φ. Any physical rotation
should be measured against the local tetrad bases, and hence it naturally involves the difference
(Ωno − Ωns ) in orientation.
In short, the standard lensing formalism lacks the specification of the source rest-frame, in
which the physical size and shape are defined. By setting up a local tetrad basis at the source position,
we fixed the standard weak lensing formalism and explicitly verified the gauge-invariance of the
lensing observables.
5.2 Physical rotation of the images vs rotation of the tetrad basis
We have computed the rotation ωˆ as one of the lensing observables in Sec. 5.1 by comparing the ori-
entation of the physical lengths Lθs and Lφs along two orthogonal directions in the source rest-frame
to the orientation they appear in the observer rest-frame. However, as apparent in Eq. (5.47), the
rotation ωˆ depends on the orientations Ωs and Ωo of the local rest-frames of the source and the ob-
server around the light propagation direction. Technically, if we change Ωo, the observed angle (θ, φ)
changes or rotates. But in reality, the fact that we assign some numbers to the observed light propaga-
tion direction (θ, φ) means that we already fixed the orientation Ωo of our local coordinate. However,
the orientation Ωs of the source remains unspecified, and the lensing observable ωˆ depends on this
unspecified orientation. In other words, by rotating the orientation of the local coordinate in the
source rest-frame, we can set the rotation to zero. The question then naturally arises, “is the rotation
physical and measurable?”
Let’s revisit how the lensing observables are defined physically. The lensing convergence κˆ
(or the determinant at the linear order) can be defined as the ratio of the physical area in the source
rest-frame to the area inferred from the observed angular size. So it is independent of the orientations
at the source and the observer positions. The lensing shear can be defined as the observed ellipticity
of a circular object in the source rest-frame. Hence the shear is again independent of the orientation
of the source, while it depends on the orientation of the observer coordinate. Though Eq. (5.46)
is independent of Ωo at the linear order, the shear matrix rotates in general as we rotate the local
coordinate, and two shear components γˆ1 and γˆ2 represent the shear amplitude and orientation (the
latter of which depends on the orientation of the observer coordinate). To define the rotation in a
physical way, we need to synchronize the orientations at the source and the observer positions, from
which any deviation can be assigned to rotation. In a curved spacetime, this can be achieved by
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parallel transporting the local tetrad basis along the photon propagation direction. Indeed, this is the
only physically meaningful way, as the parallel transport is path-dependent.
One subtlety associated with this procedure is that when the local tetrad vectors eµa are parallel
transported to the source position, the transported timelike vector e˘µ0 (with check) at the source po-
sition is different from the source velocity uµs . To construct the parallel transported basis eˆ
µ
a in the
source rest-frame, we need to Lorentz boost the transported basis e˘µa with the source velocity vec-
tor uµs . Indeed, one can show [42] that any vectors Ai⊥ and B
i
⊥ defined in a plane perpendicular to a
photon propagation direction ni of a null vector in Eq. (2.1) satisfy
Ai⊥B
i
⊥ = Aˆ
i
⊥Bˆ
i
⊥ , (5.49)
where those with hat represent the components after the Lorentz boost (see, also, [58]). In our case,
the photon propagation direction n˘i constructed from nµs with the transported timelike vector e˘
µ
0
changes to nˆi due to the Lorentz boost, and indeed we already derived the photon propagation direc-
tion nˆi = nis in Eq. (5.10).
For our purposes, the plane at the observer is defined in terms of two orthonormal vectors θµ-
φµ (or θi-φi in the rest-frame), and the transported plane spanned by θ˘µs -φ˘
µ
s defines an “oriented”
plane perpendicular to the photon propagation direction nµs but with the transported velocity e˘
µ
0 .
Equation (5.49) implies that the physical size and the shape Aˆi⊥ defined in a plane perpendicular
to the photon propagation direction nµs with the correct source velocity u
µ
s is equivalent to those
defined in a plane perpendicular to nµs with e˘
µ
0 . Therefore, the source size dx
µ that appears subtended
by the angular size (dθ, dφ) can be projected into any of the two planes for computing the lensing
observables. This argument is indeed crucial to the Jacobi mapping method in Sec. 6.3 that is often
implicitly assumed (see, e.g., [39] for the discussion).
Given the photon propagation direction nµs with the correct source velocity u
µ
s , we computed the
photon propagation direction nis in Eq. (5.10) and the plane θ
i
s-φ
i
s perpendicular to n
i
s. To compute
the physical rotation, first we need to parallel transport the local tetrad basis vectors θµ and φµ to
the source position, then the transported vectors θ˘µs and φ˘
µ
s need to be Lorentz boosted to the source
rest-frame with uµs . Finally, we need to subtract the angle Θ from the rotation ωˆ in Eq. (5.47) that the
Lorentz boosted vectors θˆµs and φˆ
µ
s make against θ
µ
s and φ
µ
s , respectively (note that the plane spanned
by θˆµs -φˆ
µ
s is identical to that by θ
µ
s -φ
µ
s , but their individual directions are not aligned). This procedure
is illustrated in Figure 1.
Fortunately, the second step is trivial at the linear order in perturbations, as the Lorentz boost
by Uαs of the source is already at the linear order. The spatial tetrad vectors after the Lorentz boost
are
eˆiα = Λ
i
be˘
b
α = Λ
i
0e˘
0
α + Λ
i
j e˘
j
α = O(2) + e˘iα , eˆαi = e˘αi +O(2) , (5.50)
identical in their components at the linear order. Therefore, the directional vectors of θˆµs and φˆ
µ
s in
the source rest-frame given the tetrad basis eµi are
θˆis = gµν eˆ
µ
θ e
ν
i ' gαβ e˘αθ eβi +O(2) ≡ θi+∆θˆis , φˆis ' gαβ e˘αφeβi +O(2) ≡ φi+∆φˆis , (5.51)
where a particular attention needs to be paid to the difference in notation of ∆θis and ∆φ
i
s (without
hat) in Eq. (5.14). So the angle Θ between two directional vectors is
cos Θ = θˆisθ
i
s = φˆ
i
sφ
i
s ' 1 +O(2) , 0 = ∆θˆis + ∆θis = ∆φˆis + ∆φis , (5.52)
sin Θ = φˆisθ
i
s = θˆ
i
sφ
i
s ' Θ +O(2) , Θ = φi∆θis + θi∆φˆis = φi∆θˆis + θi∆φis . (5.53)
The rotation of the local coordinate in the source rest-frame by the angle Θ will affect the distortion
matrix Dˆ in Eq. (5.25) as R(Θ)Dˆ, where R is the rotation matrix. This needs to be contrasted by
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Figure 1. Schematic view of the basis vectors. At the observer position, the rest frame is determined by the
observer four velocity uµo , and the two spatial directions are set by θ
µ
o -φ
µ
o perpendicular to the light propagation
direction nµo . When these basis vectors are parallel transported to the source position, these four vectors (with
check) are misaligned with the orthonormal basis vectors in the source rest-frame set by uµs . In particular, the
two-dimensional plane spanned by θ˘µs -φ˘
µ
s needs to be Lorentz boosted to the source rest-frame to form the
correct and oriented plane denoted by θˆµs -φˆ
µ
s . This plane is identical to the plane spanned by θ
µ
s -φ
µ
s , but two
sets of the basis vectors make an angle Θ.
the usual rotation of coordinates, where the distortion matrix changes as R(Θ)DˆRt(Θ). The latter
arises when we rotate the local coordinates both at the source and the observer positions by the same
angle Θ, while the former in our case rotates only the local coordinate at the source position. Given
this change, only the rotation among the lensing observables is affected as
ωˆ 7→ ωˆ + Θ , (5.54)
at the linear order in perturbations, while the convergence κˆ and the shear γˆαβ remain unaffected.
Therefore, our task boils down to computing the transported vectors θ˘µs and φ˘
µ
s to derive the angle Θ.
The condition for the parallel transport of the tetrad basis vectors is
0 =
D
dΛ
e˘µa =
d
dΛ
e˘µa + Γ
µ
ρσ e˘
ρ
ak
σ 7→ 0 = d
dλ
e˘µa + Γ
µ
ρσ e˘
ρ
akˆ
σ , (5.55)
where we used the conformal transformation relation in Eq. (3.5). At the background, we can readily
check that two spatial tetrad vectors perpendicular to the light propagation are trivially transported as
e˘µθ =
(
0,
1
as
θiδαi
)
, e˘µφ =
(
0,
1
as
φiδαi
)
, (5.56)
while the propagation direction vector and the four velocity are parallel transported in a non-trivial
way, even at the background, i.e., the simple parametrizations
eµn =
(
0,
1
a
niδαi
)
, eµ0 =
(
1
a
, 0
)
, (5.57)
do not satisfy the parallel transport condition. For our purposes, we will focus on the two spatial tetrad
vectors θ˘µ and φ˘µ. Integrating the parallel transport condition, we can derive the perturbation δe˘µθ of
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the spatial tetrad vectors parametrized in Eq. (2.5) as
δe˘αθ = (δe
α
θ )o −
∫ r¯z
0
dr¯
[
Hδe˘ηθ nα −Hδν θα −
1
2
(
Bβ |α − Bα|β
)
θβ
−Cα′θ +
(
2Cα(β|γ) − Cβγ |α
)
θβnγ
]
, (5.58)
where the initial condition (δeαθ )o is set by Eq. (2.13). Therefore, the directional vectors θˆ
i
s and φˆ
i
s
that are parallel transported and Lorentz boosted are
θˆis = θ
i+∆θˆis = gαβ e˘
α
θ e
β
i = θ
i+2Ciθ+δe˘iθ+δeθi , φˆis = φi+∆φˆis = φi+2Ciφ+δe˘iφ+δeφi ,
(5.59)
where the last terms δeθ,φi in both expressions are the perturbations of the spatial tetrad vectors at
the source position we used for computing the lensing observables, not the parallel transported tetrad
vectors e˘iθ,φ. So, the angle between two basis vectors is then
Θ = φi∆θis + θ
i∆φˆis = cos θ ∆φ+ 2Cθφ + δeφθ + δe˘θφ
= cos θ ∆φ+
(
Cθφ + δeφθ + C[β,α]θαφβ
)
+
(
Cθφ + δeθφ − C[β,α]θαφβ
)
o
+
∫ r¯z
0
dr¯
[
Ψ[β,α] + 2C‖[β,α]
]
θαφβ
= cos θ ∆φ+ Ωns − Ωno +
∫ r¯z
0
dr¯
1
2
n · ∇ ×
(
Ψα + 2Cα‖
)
, (5.60)
where we simplified it with an integration by part and the boundary terms are
Cθφ + δeφθ = C(v)[i,j]θiφj + Ωn , Cθφ + δeθφ = C
(v)
[j,i]θ
iφj − Ωn . (5.61)
The rotation angle Θ is the rotation of the local tetrad basis vectors (θµ-φµ), as we parallel trans-
port them to the source position, and it is indeed the rotation angle ωˆ in Eq. (5.47). However, we
should emphasize that the rotation of the tetrad basis is a “rotation” against an arbitrary global FRW
coordinate and there is no way to compare the orientations at two different spacetime points without
parallel transporting the basis. In this regard, the so-called Skrotsky effect is not physical. Therefore,
by setting the local coordinate at the source position to that of the observer parallel transported and
Lorentz boosted, the misalignment angle Θ is zero, and the orientation of the local coordinate at the
source position is completely determined as
Ωns = Ω
n
o − cos θ ∆φ−
∫ r¯z
0
dr¯
1
2
n · ∇ ×
(
Ψα + 2Cα‖
)
. (5.62)
Putting this in Eq. (5.47), we find that the physical lensing rotation is
ωˆ = 0 , (5.63)
with no further arbitrariness left. We want to emphasize that this is the only physically meaningful
way to define the rotation and the physical rotation ωˆ vanishes only at the linear order. In other words,
the lensing rotation is not a coordinate artifact (but the Skrotsky effect is), and it is non-zero beyond
the linear order in perturbations.
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5.3 E-B decomposition and its relation to the rotation
The traceless symmetric shear tensor γαβ (or γ1 and γ2) was decomposed in terms of the helicity
eigenstates ±2γ of spin s = ±2. However, as introduced in [59], the shear tensor can be decomposed
in terms of two potentials ΦE and ΦB (e.g., see [28, 31, 60, 61]). Following the approach developed
in [60], the lens equation can be generically written as
si = ni− ∇ˆiΦE + ij∇ˆjΦB = ni + θi
(
− ∂
∂θ
ΦE +
1
sin θ
∂
∂φ
ΦB
)
− φi
(
1
sin θ
∂
∂φ
ΦE +
∂
∂θ
ΦB
)
,
(5.64)
where ij is the Levi-Civita in two-dimensional angular basis, the E-mode potential ΦE represents the
usual lensing potential, and the B-mode potential ΦB represents the pseudo vector of the deflection
angle.12 Given the expression for the angular position of the source, the distortion matrix in Eq. (4.18)
can be derived as in Sec. 4.2:
D11 = 1− ∂
2
∂θ2
ΦE +
1
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
ΦB , (5.66)
D22 = 1−
(
cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
ΦE +
1
sin θ
(
cot θ
∂
∂φ
− ∂
2
∂θ∂φ
)
ΦB , (5.67)
D12 =
1
sin θ
(
cot θ
∂
∂φ
− ∂
2
∂θ∂φ
)
ΦE +
(
cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
ΦB , (5.68)
D21 =
1
sin θ
(
cot θ
∂
∂φ
− ∂
2
∂θ∂φ
)
ΦE − ∂
2
∂θ2
ΦB , (5.69)
and the lensing observables can be directly read off from the distortion matrix as:
2κ =
(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
ΦE = ∇ˆ2ΦE , (5.70)
2γ1 =
(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
ΦE − 2
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
ΦB , (5.71)
2γ2 =
2
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
ΦE +
(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
ΦB , (5.72)
2ω = −
(
∂2
∂θ2
+ cot θ
∂
∂θ
+
1
sin2 θ
∂2
∂φ2
)
ΦB = −∇ˆ2ΦB . (5.73)
These relations of the lensing observables to the E- and B-mode potentials can be compactly repre-
sented as [28, 31, 60, 61]
γij =
(
∇ˆi∇ˆj − 1
2
δ2Dij ∇ˆ2
)
ΦE +
1
2
(
kj∇ˆi∇ˆk + ki∇ˆk∇ˆj
)
ΦB , (5.74)
∇ˆ4ΦE = 2 ∇ˆi∇ˆjγij , ∇ˆ4ΦB = 2 ij∇ˆi∇ˆkγjk , (5.75)
12Here our notation convention differs in the following quantities with minus sign from those quantities defined in [60]:
ΦE → −Φ , ΦB → −Ω , κ→ −κ , γ1 → −γQ , γ2 → −γU , ω → −ω . (5.65)
The shear matrix in [28, 31] is indeed the ellipticity matrix, and hence their shear matrix corresponds to 2γαβ in our
notation, giving rise to a factor 2 difference in the E-B decomposition.
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where the notation for the two potentials γE and γB in [28] is γE = ∇2ΦE/2 and γB = ∇2ΦB/2.
The spin ±2 shear components ±2γ are also related to the two potentials as
±2γ = γ1 ± iγ2 =
[
1
2
(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
± i
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)]
(ΦE ± iΦB)
= mi∓m
j
∓∇ˆi∇ˆj (ΦE ± iΦB) . (5.76)
The two potentials are uniquely defined up to the transformation
ΦE → ΦE + ΨE , ΦB → ΦB + ΨB , ∇ˆ4ΨE = ∇ˆ4ΨB = 0 (5.77)
that supplies the same lensing observables under the conditions:(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
ΨE =
2
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
ΨB , (5.78)
2
sin θ
(
∂2
∂θ∂φ
− cot θ ∂
∂φ
)
ΨE = −
(
∂2
∂θ2
− cot θ ∂
∂θ
− 1
sin2 θ
∂2
∂φ2
)
ΨB . (5.79)
The lens equation written in terms of unit angular vector has two degrees of freedom, and these
two degrees of freedom are captured by two independent potentials ΦE and ΦB . As derived above,
all the lensing observables are therefore expressed in terms of ΦE and ΦB: The convergence κ is
exclusively described by ΦE , and the rotation ω is also exclusively by ΦB , while the shear matrix γij
receives the contributions of both ΦE and ΦB . To compute the two potentials, we need to use the lens
equation and the lensing observables. From the lens equation (4.3) in the standard lensing formalism,
the two potentials can be read off as
ΦE = Φ =
∫ r¯s
0
dr¯
(
r¯s − r¯
r¯sr¯
)
2ψ , ΦB = 0 , (5.80)
where the E-mode potential ΦE is the projected lensing potential, sourced by the density fluctuations,
while the B-mode potential is absent ΦB = 0 to all orders.
In Sec. 4.2 we generalized the standard weak lensing formalism by solving the geodesic equa-
tion and accounting for the contributions from the scalar, vector, and tensor perturbations, and we
derived the lens equation (4.15) and the lensing observables in Eqs. (4.19), (4.22), (4.23), and (4.33).
The two potentials in the generalized lensing formalism can then be derived as
ΦE = 2∇ˆ−2κ =
(
V‖ −
1
2
C‖
)
o
− nα
r¯z
[
(δxα + Gα)o − Gαs
]
+
1
r¯z
∇ˆ−2
(
∇ˆαGα
)
(5.81)
+
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯z r¯
)(
αχ − ϕχ −Ψ‖ − C‖
)
+
∫ r¯z
0
dr¯
r¯
(
nα + ∇ˆ−2∇ˆα
)(
Ψα + 2Cα‖
)
,
ΦB = −2∇ˆ−2ω = Ωno + ∇ˆ−2 [n · ∇ × Gα] +
∫ r¯z
0
dr¯ ∇ˆ−2
[
n · ∇ ×
(
Ψα + 2Cα‖
)]
, (5.82)
where ∇ˆ−2 is the inverse (angular) Laplacian operator and we used the useful relations (and their
inverse relations)
∇ˆ2ni = −2ni , ∇ˆ2 (ninj) = −6ninj + 2δij . (5.83)
Compared to the standard formalism, the E-mode potential ΦE is generalized to include the vector
and the tensor contributions to the projected lensing potential with extra terms at the observer and
34
the source positions. The B-mode potential ΦB is also excited in the presence of the vector and
the tensor perturbations, giving rise to the lensing rotation 2ω = −∇ˆ2ΦB in Eq. (4.33). However,
as emphasized in Sec. 4.2, all the lensing observables in this simple generalization of the standard
formalism are gauge-dependent, and consequently the two potentials derived above are also gauge-
dependent:
Φ˜E = ΦE − 1
r¯z
(
nα + ∇ˆ−2∇ˆα
)
Lα , Φ˜B = ΦB − ∇ˆ−2 [n · ∇ × Lα] . (5.84)
To resolve this issue, we projected the image in a FRW coordinate into the source rest-frame
to derive the relation of the observed angular size to the physical size of a standard ruler in Sec. 5.1.
The lens equations (5.10) and (5.13) are now expressed in the local coordinates of the observer and
the source frames, and their relation is gauge-invariant. Consequently, the lensing observables in
Eqs. (5.41), (5.42), (5.43), and (5.47) are gauge-invariant, as they are derived from the distortion
matrix Dˆ in Eq. (5.25) constructed out of the physical size of a standard ruler in the source rest-
frame. However, it is evident that we need to bring additional information to build the physically
well-defined distortion matrix Dˆ, namely, the source position (or the distance to the source), and this
additional information is not captured by two potentials in the lens equation. Simply put, while the
distortion matrix D is just a function of ΦE and ΦB , the distortion matrix Dˆ in the gauge-invariant
formalism is not. For instance, in the presence of the vector and the tensor perturbations, the shear
matrix γˆij in Eq. (5.46) is non-vanishing, or the B-mode is non-zero as shown in Eqs. (5.74)−(5.76).
However, as we showed in Sec. 5.2, the physical lensing rotation ωˆ at the linear order is zero, or
vanishing B-mode in Eq. (5.73), which shows the inconsistency of the E-B decomposition.
In summary, while the E-B decomposition is a useful tool, the physical lensing observables (κˆ,
γˆij , ωˆ, or Dˆ) are not fully described by ΦE and ΦB alone, and hence the relation in Eqs. (5.70)−(5.73)
breaks down for the physical lensing observables.
6 Comparison to Previous Work
Here we compare our gauge-invariant lensing formalism to previous work in literature. While there
exists an extensive work in lensing, there are relatively few papers that treat the weak lensing observ-
ables in a fully relativistic framework. In most cases, previous work adopts the conformal Newtonian
gauge and computes only the scalar contributions. Few papers considered the vector and the tensor
contributions, and even fewer papers checked the gauge-invariance of the lensing observables. In
this section, we first compare our results in the presence of tensor modes, highlighting the need for
the tensor contributions at the source and the observer positions. Then we discuss the Cosmic Ruler
papers [40, 55] that computed the lensing observables with a different approach and provided com-
prehensive accounts of the lensing observables. While in literature there exist several work [62–67]
that computed the lensing observables beyond the linear order, we will focus on our comparison to
those only at the linear order in perturbations.
6.1 Contributions of the primordial gravity waves to the lensing observables
The primordial gravity waves in the early Universe provide the most natural way to excite the tensor
modes on large scales at the linear order in perturbations. The presence of the tensor perturbations
Cαβ affects the lensing observables in many subtle ways. The photon path is deflected (in Sec. 3),
as it propagates along the line-of-sight direction; The rest-frames of the source and the observer are
affected (in Sec. 5), changing the relation between the photon wavevector in the FRW frame and the
observables in the observer rest-frame. These tensor contributions to gravitational lensing have been
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considered in the past [40, 55, 56, 68]. Here we briefly compare our calculations to the previous
work.
Dodelson, Rozo, & Stebbins [56] considered the tensor contributions to the lensing observables.
Focusing only on the tensor modes, they solve the geodesic equation, and derive the light deflection
due to the tensor modes. Upon identifying their notation
η0 − η 7→ r¯z = η¯o − η¯z , H 7→ 2Cαβ , (6.1)
the source position r in their Equation (3) can be arranged to match the angular distortion, when only
the transverse directions are considered:
θ · r = −r¯z Cαβonαθβ −
∫ r¯z
0
dr¯ 2Cαβn
αθβ +
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯
)
∂
∂θ
C‖ . (6.2)
Compared to our angular distortion in Eq. (3.48),
r¯zδθ = r¯z Cαβon
αθβ −
∫ r¯z
0
dr¯
r¯z
r¯
2Cαβn
αθβ +
∫ r¯z
0
dr¯
(
r¯z − r¯
r¯
)
∂
∂θ
C‖ , (6.3)
we find some errors in the angular distortion in their Equation (3). Furthermore, since the source and
the observer positions are slightly different from those in the background, their time coordinate in
fact corresponds to the distance in the background and additional perturbations
ηo − η 7→ r¯z + δηo + ∆ηs . (6.4)
While δηo vanishes when only the tensor perturbations are considered, the time lapse at the source
position is non-vanishing:
∆ηs =
δz
H =
1
H
∫ r¯z
0
dr¯ C ′‖ . (6.5)
Furthermore, they computed the rotation ω and its power spectrum as a measure of the infla-
tionary primordial gravity waves. The rotation was derived by using the relation of the E-B decom-
position ΦE and ΦB . Their rotation
ω =
∫ r¯z
0
dr¯ n · ∇ × Cα‖ , (6.6)
is exactly the rotation ω (without hat) in Eq. (4.33), except the rotation Ωio = 0 and the minus sign
due to the different sign convention. However, as we showed, this rotation ω is a coordinate artifact
due to a rotation of the tetrad basis along the light propagation, when compared against a global
coordinate. Interestingly, by imposing the consistency condition among the lensing observables, they
introduced the tensor contribution at the source position (so called the metric shear), which is what
we need to fix the gauge-dependent shear matrix γαβ when we transform from the FRW frame to the
source rest-frame.
Recently, Adamek, Durrer & Tansella [68] considered the tensor contributions hij from the
primordial gravitational waves to the lensing observables, and they used the relativistic cosmological
simulations [69, 70] to compare the gravitational wave signals in the lensing observables to the tensor
contributions generated by the nonlinear evolution of large scale structure in the late time. They
solved the geodesic equation and derived the deflection angle αa, which corresponds to our angular
distortion
αa 7→ (δθ, sin θ δφ) , hij 7→ 2Cαβ . (6.7)
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Their Equation (2.5) is equivalent to our Eq. (3.46), but without the tensor contribution at the ob-
server position. The absence of the tensor contribution causes the infrared divergences in the power
spectrum, which they regulate by introducing a counter term. These tensor contributions at the source
and the observer positions are not constrained by the geodesic equation, as they arise in defining the
rest-frames. However, their significance is apparent in both cases [56, 68].
In application to CMB polarization, Dai [71] computes the rotation of CMB polarization and
argues that it is maximally correlated with the lensing rotation, affecting the CMB polarization power
spectrum. However, the lensing rotation by the vector and the tensor vanishes at the linear order, and
the rotation in [71] is a coordinate artifact. Furthermore, since polarization is parallel transported,
the rotation of polarization is zero to all orders, and its correlation to the lensing rotation beyond the
linear order is therefore zero.
6.2 Cosmic Ruler approach: lensing by a standard ruler
It is well known from the early days in lensing literature that the geodesic equation and its infinites-
imal deviation vectors provide the essential ingredients for describing the lensing phenomena (see,
e.g., [18, 19]). However, as emphasized throughout this work, the photon wavevector obtained by
solving the geodesic equation needs to be related to the observables in the observer rest-frame and
the physical size and shapes in the source rest-frame. This requires setting up the local tetrad bases at
the observer and the source positions. In this regard, a comprehensive and pioneering work has been
done [40, 55] under the name of the “Cosmic Ruler,” with which we briefly compare our calculations.
The cosmic ruler approach assumes a standard ruler in the rest-frame of the source and computes
its relation to the observables. Imagine a stick of a known lengthL (or the standard ruler) and measure
the light from this stick. In particular, we measure the angular positions ni1 and n
i
2 and the observed
redshifts z1 and z2 of the two end points of the stick:
xµ1,2 = x¯
µ
z1,z2 + ∆x
µ
s1,s2 , x
µ
2 − xµ1 = δx¯µ + ∆xµs , (6.8)
where two separation vectors are defined as
δx¯µ ≡ x¯µ2 − x¯µ1 , ∆xµs ≡ ∆xµs2 −∆xµs1 . (6.9)
In the limit the size of the ruler goes to zero (small ruler), we consider a case, in which two end points
of the ruler are at the same observed redshift (z1 = z2), but with slightly different angular positions
(ni2 = n
i
1 + dn
i; transverse ruler). We will refer to this limit as the “small transverse ruler limit for
lensing,” which is relevant for our purposes.13 In this limit, these separation vectors correspond to
xα2 − xα1 7→ dxαs , δx¯α 7→ r¯zdnα , ∆xα 7→ r¯z∆sα . (6.10)
Given these positions in a FRW coordinate, the (known) length of the standard ruler can be
computed by projecting two end points to the rest-frame of the source as
L2 = Hµν (xµ1 − xµ2 ) (xν1 − xν2) , (6.11)
where the projection tensor for the source position xµ1 is
Hµν(x1) = gµν + uµuν ' a2
(
0 −Uα
−Uα gαβ
)
+O(2) . (6.12)
13It is noted that the cosmic ruler approach in [40, 55] includes the longitudinal ruler, in addition to the transverse ruler
we consider here.
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This projection tensor ensures that when contracted, any four vectors are projected in the rest-frame
of the source. Since the projection and any other operations in this case involve two end points with
two different redshifts, there always exists ambiguity regarding the choice of the operation point, i.e.,
either at xµ1 or x
µ
2 . The observed size Lz of the standard ruler will be inferred based on the observed
angular size and the redshift (again we use z1) as
L2z ≡ a2zδαβδx¯αδx¯β ≡ a2z
(
δx¯2‖ + δx¯
2
⊥
)
= D¯2A(z)
[(
δx¯‖
r¯z
)2
+
(
δx¯⊥
r¯z
)2]
, (6.13)
where the orientation of the ruler is further decomposed [40] along the line-of-sight direction δx¯‖ and
the transverse direction δx¯⊥ (by using n1). Using Eq. (6.12), we can compute the size of the standard
ruler at the linear order in perturbations and relate it to the observed size Lz as
L2 = L2z(1 + 2 δz) + 2a
2
z
(
−Uαδη¯ δx¯α + Cαβδx¯αδx¯β + δαβδx¯α∆xβs
)
(6.14)
= L2z(1 + 2 δz) + 2a
2
zCαβδx¯αδx¯β + 2a2z
(
U‖δx¯2‖ + U⊥δx¯⊥δx¯‖
)
+ 2a2zδαβδx¯
α
(
δx¯‖∂r¯ + δx¯⊥∂⊥
)
∆xβs1 ,
where δη¯ = −δx¯‖ is assumed [40] and the deviation vector ∆xβs is expanded as
∆xβs = ∆x
β
s2 −∆xβs1 = r¯z∆nγ
∂
∂xγ
∆xβs1 . (6.15)
Having derived the relation between the physical size L and the observed size Lz and measured
six observables (two redshifts and two angular positions), we can determine six physical quantities
associated with the distortion of the standard ruler as [40]
1− L
Lz
≡ C (δx¯‖)
2
L2c
+ Bα
δx¯‖δx¯α⊥
L2c
+Aαβ
δx¯α⊥δx¯
β
⊥
L2c
, δx¯α = nαδx¯‖ + δx¯α⊥ , (6.16)
where we defined the inferred comoving size L2c ≡ δx¯2‖ + δx¯2⊥. The scalar C and the two-component
transverse vector Bα are related to the radial distortion. For our purposes of deriving the lensing
observables, we take the small transverse ruler limit (δx¯‖ = 0), and the symmetric matrix Aαβ plays
the equivalent role of the distortion matrix Dˆ. The symmetric matrix can be further decomposed in
terms of the traceM and the spin-2 shear γ1 & γ2 as
Aαβ =
M/2 + γ1 γ2 0γ2 M/2− γ1 0
0 0 0
 , (6.17)
where the components of the matrix is written in a Cartesian coordinate aligned with (θ, φ, n) and
the magnification scalarM and the shear matrix γij are
M = −2 δz − (Cαα − C‖) + 2 κ−
2 δr
r¯
, (6.18)
γij = ±2γ mi±m
j
± = −
(
Pki P lj −
1
2
PijPkl
)
Ckl − 1
2
(∂⊥i∆x⊥j + ∂⊥j∆x⊥i)− Pijκ . (6.19)
Identifying their notation
∆x‖ 7→ δr , ∆xi⊥ 7→ r¯z
(
δθ θi + sin θ δφ φi
)
, (6.20)
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we can derive the relation of the ruler observables to our lensing observables as
κ = −1
2
∂⊥i∆xi⊥ 7→ κ , M 7→ 2κˆ = −2 δD , γij 7→ γˆαβ . (6.21)
In their calculations [40], the photon wavevector kˆµ is related to the observed angle and redshift
with an implicit assumption ∆̂νo = 0 in our calculation. Furthermore, they assume that the observer
position is xµo = x¯
µ
o , i.e., the coordinate lapse δηo and the spatial shift δxαo are ignored. At the linear
order in perturbations, the magnificationM and the shear matrix γij are independent of the spatial
shift δxαo , but the magnification depends on the coordinate lapse δηo. Its absence is the source for
the infrared divergence in the variance of the luminosity distance (see [46]).14 The tetrad basis at
the source position is essential to our approach in relating the photon wavevector to the physical size
and the shape in the source rest-frame. This part was replaced in the cosmic ruler by the projection
tensor Hµν in Eq. (6.12). In fact, the projection operation has to be performed not only to the rest-
frame of the source, but also to a plane perpendicular to the photon propagation. So, using the photon
direction nµ in Eq. (5.7) at the source position, the correct projection tensor can be derived as
Hµν = gµν + uµuν − nµnν = eθµeθν + eφµeφν , eµθ = eµi θis , eµφ = eµi φis . (6.22)
However, at the linear order, the additional term from nµnν is always multiplied by the transverse
deviation δx¯µ⊥, and hence these contributions vanish as n¯
α
s ∝ nα.
Furthermore, in the cosmic ruler, the orientation of the standard ruler is not specified, and hence
the rotation is absent inAαβ by construction. While the rotation ωˆ at the linear order indeed vanishes,
this is not true beyond the linear order. A straightforward extension of the cosmic ruler to include the
lensing rotation would be to consider two (distinguishable) standard rulers in the source rest-frame,
e.g., a red stick and a blue stick with known sizes and orientations in the source rest-frame. Despite
these points for improvement, the cosmic ruler approach [40, 55] provides a very comprehensive
account of the lensing observables with an explicit check of gauge-invariance and the consideration
of the source rest-frame, in which the standard ruler is defined. Moreover, their calculations of the
magnification and the shear matrix are fully consistent with our calculations, and their work has been
further extended [55, 72] to include the intrinsic shear in a gauge-invariant way, which is beyond the
scope of our current work.
6.3 Jacobi mapping approach
The Jacobi mapping approach provides a different way to formulate the lensing observables (see, e.g.,
[26, 39, 58, 66, 67]). Consider an infinitesimal field ξµ (or the Jacobi field) that connects two photon
paths parametrized by the same affine parameter.15 The Jacobi field can be expressed in terms of the
local tetrad basis parallel transported along the photon path as
ξµλ ≡ ξ0e˘µ0 + ξnnµλ + ξAe˘µA , 0 = kµe˘µA , (6.23)
where e˘µA (A = θ, φ) forms the two-dimensional plane perpendicular to the light propagation and
e˘µ0 is the parallel transported velocity u
µ
λ. This basis is often referred to as the Sachs basis [17] and
is more convenient than any other tetrad basis e˘µa that are parallel transported, because its spatial
14However, see their arXiv version (1204.3625v3) of the Cosmic Ruler paper [40], where they included the coordinate
lapse δηo in the expressions, exactly to prevent the infrared divergence of the theoretical predictions. The spatial shift δxαo
is not included, but again its contribution drops out in the lensing observables.
15Only in this subsection, we use ξµ to denote the Jacobi field. This should not be confused with an infinitesimal
coordinate transformation in Eq. (A.4).
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basis vectors are aligned with the light propagation direction nµλ and two orthonormal directions e˘
µ
A.
Since the photon path is described by the null vector kµ, the infinitesimal Jacobi field can be further
simplified as
ξµλ =
ξn
k · uk
µ + ξAe˘µA ≡ ξkkµ + ξAe˘µA , (6.24)
where we used Eq. (2.15) to obtain the relation ξ0 = −ξn. The geodesic deviation equation for the
Jacobi field is
D2
dΛ2
ξµ ≡ kρ∇ρ (kν∇νξµ) = −Rµνρσkνξρkσ , (6.25)
whereRµνρσ is the Riemann tensor. By projecting the Jacobi field into the Sachs basis, the governing
equation for the Jacobi field can be derived [44] as
d2
dΛ2
ξA = −RABξB , RAB ≡ (Rµνρσkνkσ) e˘Aµ e˘ρB . (6.26)
The solution of the Jacobi field can be obtained by doubly integrating the source term on the right-
hand side, and it can be expressed in terms of the linear map, or the Jacobi map DAB as
ξA(Λ) ≡ DAB(Λ)ξ˙Bo ,
d2
dΛ2
DAB = −RACDCB . (6.27)
Since the Jacobi field ξA is the physical separation in a plane perpendicular to the photon prop-
agation direction in the rest-frame of an “observer” with uµλ, the Jacobi field ξ
A at the source position
can be related to the physical length and the shape in the source rest-frame, once we correct the differ-
ence between the parallel transported velocity uµλ and the source velocity u
µ
s . However, this correction
is trivial as described in Eq. (5.49). Therefore, the distortion matrix that relates the physical size and
the shape in the source rest-frame to the observed angles in the observer rest-frame can be readily
constructed by using the Jacobi map [73]. In particular, the anti-symmetric part of the Jacobi map
will be related to the lensing rotation. Given the governing differential equation for the Jacobi map,
the solution is in general not symmetric (hence non-vanishing rotation), though the source termRAB
is symmetric. However, the background solution is trivial DAB ∝ δAB , and hence the linear-order
solution is symmetric with vanishing rotation, in full agreement with our result. The Jacobi mapping
approach provides a non-perturbative description of the lensing observables. However, since its for-
malism is based on the parallel transported tetrad basis, its specification is often absent and hence
the relation to the observables is left unspecified. In contrast, our geometric approach provides this
missing link, and in particular our explicit calculation of the parallel transport of the tetrad basis illu-
minates the physical origin of the vanishing rotation, which appears mysterious in the Jacobi mapping
approach.
7 Discussion and Summary
We have presented a gauge-invariant formalism of cosmological weak lensing, accounting for all the
relativistic effects associated with the lensing observables at the linear order in perturbations. Without
choosing a gauge condition, we have solved the geodesic equation for the light propagation and con-
structed the tetrad bases for the rest-frames of the observer and the source. The last step is important
in establishing the relation of the photon wavevectors to the observed angle and redshift in the ob-
server rest-frame and the physical size and shape in the source rest-frame. We have demonstrated that
the standard weak lensing formalism can be naturally generalized to account for all the relativistic
effects associated with the light propagation by using the solution of the geodesic equation. However,
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without specifying the observer and the source rest-frames, the standard lensing formalism is shown
to be deficient and gauge-dependent. Using the tetrad bases at the observer and the source positions,
we have improved the standard lensing formalism and derived the lensing observables such as the
gravitational lensing convergence, the lensing shear, and the rotation in a gauge-invariant way. With
full generality, the derivations are lengthier than when a gauge condition is adopted, but by choosing
a gauge condition, one loses a way to check the gauge-invariance of the lensing observables. Indeed,
very little attention has been paid to this aspect in lensing literature, and some of the gauge issues in
the standard weak lensing in Sec. 4 could have been readily spotted by comparing numerical results in
another gauge conditions, for instance, the synchronous gauge. We emphasize that it is important to
derive equations with the general metric condition and explicitly verify their gauge-invariance. This
procedure provides a great sanity check of nonlinear perturbation calculations [41].
The key point in developing the gauge-invariant formalism of weak lensing and improving
upon the standard lensing formalism is to identify the rest-frames, in which observable and physical
quantities are defined. The tetrad basis vectors eµa form an orthonormal basis with the Minkowski
metric and connect the local rest-frame to the FRW frame, providing the exact ingredient for our
purpose. In cosmology, there exists a privileged timelike direction set by the observer four velocity
eµ0 = u
µ, which defines the rest-frame of the observer. Furthermore, the spatial directions eµi in this
rest-frame are used to measure any directional quantities in cosmology; for example, the observed
propagation direction of the photon wavevector kµ in the FRW frame is measured in the rest frame by
contracting against the spatial tetrads as in Eq. (2.1). Any measurements in the observer rest-frame
are indeed expressed in terms of diffeomorphism scalars constructed by contracting against eµa , and
this condition automatically guarantees that any observables measured in the rest-frame are gauge-
invariant at the linear order in perturbations [41]. For this reason, it is difficult to overemphasize the
significant role of the tetrad bases in cosmology that is unfortunately often neglected in literature. It
is indeed more advantageous to go beyond the tetrad bases at the observer and the source positions
and consider a tetrad field that consists of the observer families in describing physical observables, as
it will lead to a fully nonlinear formalism in cosmology without coordinates [42].
With four tetrad vectors, there exist 16 degrees of freedom, 10 out of which are constrained
by the metric gµν = ηabeaµe
b
ν at each point. By setting the privileged direction e
µ
0 = u
µ, we fix
three degrees of freedom associated with the boosts, but three remain unconstrained. This remaining
freedom is unconstrained by the metric tensor, and it represents the rotation of the spatial tetrad
vectors. While this anti-symmetric part of the spatial tetrad in Eqs. (2.6) and (2.11) is often neglected
in literature, it is necessary to include the anti-symmetric part to ensure that the spatial tetrad vectors
transform as four vectors in a FRW coordinate. Fortunately though, the missing part at the linear order
results in the systematic errors, only in the vector perturbations and the rotation of the spatial tetrad
vectors that are often subdominant. In the same spirit, the rest-frame of the source is as important
as the rest-frame of the observer. For our purpose, the tetrad basis at the source position needs to
be used to establish the rest-frame of the source, in which the physical size and shape of the source
galaxy are defined. In conjunction with the tetrad basis at the observer position, this part is crucial
for deriving the gauge-invariant expressions for the lensing observables. It is well-known [56, 68]
that the tensor perturbations yield the infrared divergences in the lensing shear and this pathology
was fixed by introducing a counter term. However, we have shown that this correction term naturally
arises when we transform the FRW frame to the source rest-frame (this correction term is also known
as the FNC term [55],16 or the metric shear [56, 74]). Such correction terms due to the frame change
16The Fermi normal coordinate (FNC) is a coordinate system, in which the metric at the origin is the Minkowski. This
coincides our tetrad basis at the origin. However, the FNC is indeed a coordinate that describes the neighborhood around
the origin, which is more than what we need to define the rest-frame and its observables. In fact, the information about the
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exist not only in tensor perturbations, but also in scalar and vector perturbations.
In addition to the frame change, there exists another ingredient often missing in the perturbation
calculations — the observer position is different from the position x¯µo = (η¯o, 0) in a homogeneous
universe, as the observer drifts away from the background path in the presence of perturbations. This
deviation is characterized by the coordinate lapse δηo in Eq. (3.18) and the coordinate shift δxαo in
Eq. (3.19). These perturbations are uniquely determined, and their presence is necessary for deriving
the gauge-invariant expressions. These deviations vanish in the comoving gauge, but they cannot be
set zero with other gauge conditions. At the linear order, however, the coordinate shift δxαo drops out
in all the lensing observables, but the coordinate lapse δηo contributes to the lensing convergence (or
the luminosity distance). Their absence in the calculation of the variance of the luminosity distance
is shown [46, 47] to be the cause of the infrared divergences.
In the presence of the vector and the tensor perturbations, the tetrad basis vectors “rotate” even
at the linear order in perturbations as they are parallel transported along the photon path, when they
are seen from a global FRW coordinate aligned with the local tetrad basis at the observer position.
This rotation of the tetrad basis, often known as the Skrotsky effect [57], translates into the lensing
rotation, and its potential measurements may be considered as a probe of the primordial gravitational
waves, though its constraining power is expected to be low [56]. However, we have shown that the
Skrotsky effect is an artifact of using a global FRW coordinate for observables, and the only physi-
cally meaningful way to compare two points in curved space is to parallel transport the basis vectors.
We stress that even in the presence of the vector and tensor perturbations the lensing rotation van-
ishes (but only) at the linear order in perturbations, when compared to the basis parallel transported
to the source position. However, this point should not be confused with the statement that the van-
ishing rotation implies the vanishing lensing B-mode; Instead, the vector and the tensor perturbations
contribute to the lensing shear (or non-vanishing B-mode), while the physical rotation is zero, as
described in Sec. 5.3.
Indeed, one way to measure the lensing rotation even with a single source was already discussed
[75, 76] in the past by using the polarization measurements. Though the polarization vector is per-
pendicular to the photon propagation as the lensing images, it belongs to the tangent space of the
central geodesic, while lensing images are extended in space, albeit infinitesimally small. Therefore,
polarization is parallel transported (to all orders in perturbations), and hence its measurement can be
used to infer the base direction to synchronize the local coordinates at the observer and the source
positions, in the absence of any significant magnetic field along the path.17 Under the assumption
that the morphology of the source is aligned with its polarization, one can infer the lensing rotation
from a single system, when combined with the polarization measurements.
In summary, the physical lensing observables can be found in Eq. (5.41) for the lensing con-
vergence, in Eq. (5.46) for the lensing shear, and in Eq. (5.47) for the rotation. Compared to the
standard lensing formalism, there exist additional relativistic effects in all the lensing observables.
The physical rotation is zero (ωˆ = 0) in Eq. (5.47), because the spatial orientation Ωns of the source
frame indeed cancels the remaining terms (see Sec. 5.2). The lensing convergence κˆ we measure is
indeed the luminosity distance, not the usual (coordinate) convergence κ in Eq. (4.19). Compared
to the standard lensing formalism, the additional velocity contributions in the luminosity distance,
sometimes referred to as the Doppler lensing, are significant and already measured in current surveys
(see, e.g., [47, 77]), while the contributions of the gravitational potential or the primordial gravity
waves are small, demanding special techniques to be measured in the upcoming surveys (see, e.g.,
[78]). Looking to the future, we believe that the relativistic effects in large scale structure will provide
nearby region is fully contained in the tetrad field.
17In principle, multi-frequency observations can decode the Faraday rotation due to the magnetic fields.
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a great opportunity to probe the nature of gravity and understand the physical mechanism of the per-
turbation generation in the early Universe. Our gauge-invariant lensing formalism will be essential in
providing correct theoretical predictions for the upcoming surveys (see, e.g., [79]).
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A Metric Convention and Gauge Transformation
Here we present our notation convention used in this paper. A concise summary is given in Table 1.
To model the background universe, we adopt a spatially flat Robertson-Walker metric and choose a
Cartesian coordinate:
ds2 = gµν dx
µdxν = −a2(η)dη2 + a2(η)δαβdxαdxβ , (A.1)
where η is the conformal time and a(η) is the scale factor. Small perturbations are introduced to
capture the deviation from the background in the real universe. Our notation convention for the
metric tensor is
δgηη ≡ −2 a2A , δgηα ≡ −a2Bα , δgαβ ≡ 2 a2Cαβ . (A.2)
According to the rotational properties, these metric perturbations are further decomposed into scalar
α, β, ϕ, γ, transverse vector Bα, Cα and transverse traceless symmetric tensors Cαβ:
A = α , Bα = β,α +Bα , Cαβ = ϕ δαβ + γ,αβ + 1
2
(Cα,β + Cβ,α) + Cαβ , (A.3)
where the commas represent the spatial derivative.18
General relativity is diffeomorphism invariant, allowing for any coordinate systems to describe
the physical systems. We consider the most general coordinate transformation
x˜µ = xµ + ξµ , ξµ = (T,Lα) , Lα ≡ L,α + Lα , (A.4)
where two coordinates describe the same physical point and the infinitesimal transformation ξµ is
further decomposed in terms of scalar T, L and transverse vector Lα. This coordinate transformation
involves the change in the correspondence to the background universe, accompanying the gauge
transformation for the metric perturbations [80]. Since physical observables are expressed in terms of
diffeomorphism invariant scalars, it is important to check if our expressions for physical observables
are indeed gauge-invariant at the linear order [41]. Under the coordinate transformation in Eq. (A.4),
the scalar perturbations gauge transform as
α˜ = α− T ′ −HT , β˜ = β − T + L′ , ϕ˜ = ϕ−HT , γ˜ = γ − L , (A.5)
18The separation of the scalar, the vector, and the tensor perturbations is straightforward, based on their spatial indices.
43
and the vector perturbations transform as
B˜α = Bα + L
′
α , C˜α = Cα − Lα , (A.6)
and the tensor perturbations remain unaffected, where the prime indicates the derivative with respect
to η and the conformal Hubble parameter isH = a′/a.
At the linear order in perturbations, the spatial shift Lα is absent in any physical quantities, and
only the temporal shift T represents the real physical choices of the time slicing. For this reason, the
pure gauge modes can be combined [38] as
Gα ≡ γ,α + Cα , G˜α = Gα − Lα . (A.7)
Moreover, the presence of the scalar spatial shift L signals that the physical quantities cannot depend
on β directly, instead they depend on the combination χ that is absent of L:
χ ≡ a (β + γ′) , χ˜ = χ− aT . (A.8)
This combination introduced in [81] is indeed the scalar shear of the normal observer.19 According the
gauge-transformation properties, it is natural to construct and work with the gauge-invariant variables
[80]. The gauge-invariant variables are
αχ = α− 1
a
χ′ , ϕχ = ϕ−Hχ , Ψα = Bα + C ′α , (A.10)
and these gauge-invariant variables correspond to the Bardeen variables:
αχ 7→ ΦA , ϕχ 7→ ΦH , Ψα 7→ ΨQ(1)α , (A.11)
where Q(1)α is the vector harmonics in [80].
Timelike four vectors uµ are important in establishing the rest-frames of the observer and the
source. Given the timelike condition, the four velocity vector can be parametrized as
uµ =
1
a
(1−A, Uα) , Uα ≡ −U ,α + Uα , (A.12)
where we again decomposed the spatial velocity into the scalar U and the transverse vector Uα,
representing the degree of freedom associated with the flow. Under the coordinate transformation,
the spatial velocity components gauge-transform as
U˜ = U − L′ , U˜α = Uα + L′α . (A.13)
According to their gauge-transformation properties, we introduce a scalar v perturbation, independent
of the spatial gauge mode
v ≡ U + β , v˜ = v − T , (A.14)
19A normal observer nµ (nα ≡ 0) is a timelike four velocity (−1 = nµnµ = nηnη) associated with the given coordinate
system (often used in the ADM formalism [82]). Its flow can be covariantly decomposed as
nα;β =
1
3
θδαβ + σαβ , θ = 3H(1− α) + 3φ˙+ ∆
a2
χ , σαβ = χ,αβ + aΨ(α|β) , (A.9)
where θ is the expansion and σαβ is the shear of the flow. The rotation and the acceleration of the normal flow vanish at
the linear order.
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and the gauge-invariant variables
vχ = v − 1
a
χ , vα = Uα −Bα , (A.15)
corresponding to the Bardeen variables:
vχ 7→ v(0)s , vα 7→ vcQ(1)α . (A.16)
With our interest in the observer four velocity, we introduce a gauge-invariant variable V α by com-
bining the scalar and the vector gauge-invariant variables
Vα ≡ −vχ,α + vα . (A.17)
Given the observed angle and frequency in the observer rest-frame, the photon wavevector kµ in
Eq. (2.14) can be constructed in a FRW coordinate. Under the coordinate transformation in Eq. (A.4),
this photon wavevector should transform as a four vector, and this transformation property constrains
how the conformally transformed wavevector kˆµ in Eq. (3.5) should transform. Noting that the nor-
malization condition in Eq. (3.6) is imposed at the same physical point p, we can derive the gauge-
transformation properties of the perturbations (δν, δnα) to the photon wavevector kˆµ
δ˜ν = δν + 2HT −HpTp + d
dλ
T , δ˜nα = δnα + (2HT −HpTp)nα − d
dλ
Lα , (A.18)
where the normalization point p in the main text is the observer position, but here we left unspecified
(it can be the source position or any point). When imposed at the observer position (∆̂νo = 0), the
initial conditions (δνo, δnαo ) in Eqs. (3.8) and (3.9) indeed match the gauge-transformation properties
derived above. The contributions at the normalization point p was neglected in Eq. (2.21) in [38].
Based on the gauge-transformation properties, the gauge-invariant variables can be constructed as
δνχ = δν+2Hχ+
d
dλ
(χ
a
)
−Hpχp , δnαχ = δnα+2Hχ nα−
d
dλ
Gα−Hpχpnα . (A.19)
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